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Introduction

The fundamental concept of a fuzzy set was introduced by L. A. Zadeh[111] in
1965 tp provide a foundation for the development of many areas of knowledge.
Consequently, this provides a natural frame work for generalizing many algebraic and
topological concepts in various directions such as fuzzy groups, fuzzy rings, fuzzy vector
spaces, fuzzy supra topology, fuzzy infra topology, fuzzy bitopology etc. many other
branches of mathematics have been developed all over the world during the last five
~decades. In 1968, Chang [19] introduced the concepts of a fuzzy topological space by
using the fuzzy set. Wong [105], Lowen[60], Hutton[48], Katsaras[52], Ali[3], Pu and
Liu[72], etc., discussed various aspects of fuzzy topological spaces. Ying [74] introduced
fuzzifying topology and developed this in a new direction with the semantic methods of
continuous valued logic. In the frame work of fuzzifying topology, Sinha[93] introduced
and studied To-, T;-, To(Hausdorff)-, Ts(regular)-, Ts(normal)-, separation axioms. A.S.
Mashhour et al.[64] introduced and studied the concepts of the family of fuzzifying semi-
open sets, fuzzifying neighbourhood structure of a point and fuzzifying semi-closure of a
fuzzy set. A.S. Mashhour et al.[64] also introduced and studied the Ro and R, separation
axioms and studied their relations with the T, and T»- separation axioms respectively. Also
in fuzzifying topology they introduced and studied semi-To-, semi-Ro-, semi-T}-, semi-R;-,
semi-T(semi Hausdorff)-, semi-Ts(semi regular)-, semi-T4(semi normal)-, separation
axioms. In 1983, A.S. Mashhour et al.[64] introduced supra topological spaces and studies
s-continuous functions_:%nd s’ - continuous functions. In 1987, M.E. Abd EL-Monsef et al.

[1] introduced the fuzzy supra topological spaces and studied fuzzy supra continuous

functions and characterized a number of basic concepts.

The purpose of this thesis is to introduce some new definitions of separation

axioms in supra fuzzy topological spaces using the ideas of Ali [8]. Some of their
equivalent formulations along with various new characterizations and results concerning

the existing ones are presented here. Our criterion for definitions has been preserving as
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much as possible the relation between the corresponding separation properties for supra
fuzzy topological spaces. Moreover, it will be seen that the definitions of these axioms are

‘good extensions’ in the sense of Lowen [60].

We aim to develop theories of supra fuzzy Ty, supra fuzzy T, supra fuzzy
Ta(Hausdorff), supra fuzzy SFR(supra fuzzy regular), supra fuzzy SFN(supra fuzzy
normal), supra fuzzy Ro- and supra fuzzy Ry- separation axioms analogous to its counter
part in ordinary topology. The materials of this thesis have been divided into seven

chapters, a brief scenario of which we present as follows.

Chapter one incorporates some of the basic definitions and results of fuzzy set,
fuzzy topology, mapping, supra fuzzy topology and its mapping. These results are ready
references for the work in the subsequent chapter. Results are stated without proof and can

be seen in the papers referred to.

Our work starts from 'second chapter. In second chapter, we have introduced and
studied T, properties in supra fuzzy topological spaces. Here we add four more definitions
to this list and we have established relations among them. All these four definitions are
‘good extensions’ of the corresponding concept Ty in a topological space. We prove that

all the definitions are hereditary, productive and projective. Also we have studied some

other properties of these concepts.

In third chapter, we have introduced and studied T, properties in supra fuzzy
topological spaces. Here we add four more definitions to this list and we have established
relations among them. All these four definitions are ‘good extensions’ of the
corresponding concept T; in a topological space. We prove that all these concepts are

hereditary, productive and projective. Also we have studied some other properties of these

concepts.

We have introduced and studied Tr(Hausdorff) properties for supra fuzzy

topological spaces, in chapter four. We have introduced here four more definitions and we
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established relations among them. All these properties are ‘good extensions’ of the
corresponding concept T(Hausdorff) in a topological space. We have observed that all the

definitions are hereditary, productive and projective, Also we have studied some other

properties of these concepts.

In fifth chapter, we have discussed SFR (supra fuzzy regular) properties in supra
fuzzy topological spaces. Here we have obtained four more definitions and we established
relations among them. We see that all these properties are ‘good extensions’ of the
corresponding concept T3 (regularity) in topological spaces. We have discussed that all the
properties are hereditary, productive and projective. We have also studied several other

properties of these concepts.

In chapter six, we have introduced and studied SFN (supra fuzzy normal)
properties in supra fuzzy topological spaces. We have given here three more definitions
and we have established relations among them. All these are ‘good extensions’ of the
corresponding concept T4 (normality) in a topological space. Some other pleasant

properties of these concepts have been studied here.

In seventh chapter, we aim to introduce and study Ro and R, properties in supra
fuzzy topological spaces. Four more definitions of each concept are given and obtained

implications among them. All these are found to be ‘good extensions’ of the

corresponding concepts Ro and Ry in a topological space. We have found that all the

concepts are hereditary, productive and projective. Some other properties of these

concepts are also found.



CHAPTER-1

Preliminaries

1.1 Introduction:

In this chapter, we collect several basic definitions and results of the Fuzzy sets, Grade of
membership, complement of fuzzy sets, some laws of fuzzy sets, different mappings on
fuzzy sets, Fuzzy topological spaces, Supra fuzzy topological spaces, distinction between
Fuzzy sets and Supra fuzzy sets, Ty, T, T2 —spaces, Fuzzy product topological spaces and
Supra fuzzy product topological spaces which are to be used as ready references for
understanding the subsequent chapters. Most of the results are quoted from various

research papers. We make use the following general notations in this thesis.
A : Index set.
[=[0,1] : Closed unitinterval.

I,=[0,1) : Rightopen unit interval.

Jo=(0,1] : Left open unit interval.
u,v,w,.. : SupraFuzzy sets.

X, t) . Fuzzy topological space.

X, t") . Supra Fuzzy topological space.
(X, T : General supra topological space.
X, T General topological space.

Miea Xi ¢ Usual product of Xi .
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(X,t 1xt 3):  Product of supra fuzzy topologies t”  and t ; on the set X.
N -1 ®
L(t)={u(a,1] : uet },a €], : General supra topology on X.

Definition 1.2[111]: For a set X, a function u: X —[0,1] is called a fuzzy set in X. For
everyx € X', u(x) represents the grade of membership of x in the fuzzy set u. Some

authors say that u is a fuzzy subset of X. Thus a usual subset of X, is a special type of a

fuzzy set in which the range of the function is {0, 1}.

Definition 1.3[111]: Let X be a nonempty set and A be a subset of X. The function

1 if xed
0 if xgA

1,: X —>[0,1] defined by 1 A(x):{ is called the characteristic

function of A. We also write 14 for the characteristic function of {x}.

Definition 1.4[111]: The characteristic functions of subsets of a set X are referred to as

the crisp sets in X.

Example 1.5: Suppose X is real number R and the fuzzy set of real numbers much greater

than 5 in X that could be defined by the continuous function U:X —[0,1]such that

0if x<5
u(x) = _x_stoé if 5<x<355.
1 if x=55

Definition 1.6[75]: A fuzzy subset is empty if and only if grade of membership is

identically zero in X. It is denoted by 0.

Definition 1.7[75]: A fuzzy subset is whole if and only if its grade of membership is

identically one in X. It is denoted by 1.
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Definition 1.8[111]: Let u and v be two fuzzy subsets of a set X. Then u is said to be
subset of v, i.e., u = vif and only if u(x) < v(x) forevery x € X.

Definition 1.9[111]: Let u and v be two fuzzy subsets of a set X. Then u is said to be
equal to v, i.e., u= v if and only if u(x) = v(x) for every x €X.

Definition 1.10{111]: Let u and v be two fuzzy subsets of a set X. Then u is said to be the
complement of v, i.e., u = v if and only if u(x) = 1 — v(x), for every x €eX. Obviously,
v =v.

Definition 1.11[19]: Let u and v be two fuzzy subsets of a set X. Then the union w of u
and v, i.e., w=u U v if and only if w(x) = (u U v)(x) = max { u(x) , v(x) }, for every
x €X. The union w is a fuzzy subset of X.

In general, if A be an index set and A = {u; :i €A } be a family of fuzzy sets of X then
the union Uu; is defined by (Lu;) x)=sup {u;(x) :i€A},xeX

Definition 1.12[19]: Let u and v be two fuzzy subsets of a set X. Then the intersection m
of uand v, i.e, m = u N v is a fuzzy subset of X if and only if m(x) = (N v) (%)
= min {u(x), v(x) }, V x € X, and (Nu;) ®) =inf {u; () :ieA }, xe X, where

{uij,ie A}.

Definition 1.13[3]: Let u and v be two fuzzy subsets of a set X. Then the difference of u

and v is defined byu-v=unv®.

Definition 1.14[3]: If ac T and u eI define by u(x) =a, for all xe X, we refertouas a

constant fuzzy set and denote it by o itself. In particular, we have the constant fuzzy sets 0

and 1.

Example 1.15: Let X= {X, ¥, z} and u, v €I™ are defined by u(x) =6, u(y) =7, u () =.5

and v(x) =7, V(y) =5, v (z) =4. Then (u U v) (x) =max {u(x), v(x)} =7, (u LU V) (y)
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= max {u(y), v(y)} =7, (U ) (y) =max {u(y), v(y)} =5, (u M v} (x) =min {u(x), v(x)}
=6, (W AV) (¥) =min {u(y), v(y)} =5, (u Nv) (z) =min {u(z), v(z)} =4, v° (X)
= l-u(x)=4, v’ (y)= 1-u(y)=23, v° (2)= 1-u(z)=.5.
Laws of the algebra of fuzzy sets 1.16:
As in ordinary set theory, idempotent laws, associative law, commutative law, distributive
laws, identity law, demorgan’s laws hold in the case of fuzzy sets also. But the
complement laws are not necessarily true. For example, if X= {a, b, ¢} and u is a fuzzy
subset of X where is defined by
u={(@,.2),(b,.7),(c,1)},
then u®={(a,.8),(b,.3),(c,0)}
) uuu°={(a,.8);(b,.7),(c,1)};&1,
unu®={(a,.2),(b,3)(c,0)}=0.
Also in ordinary set theory UV =¢ if and only if U c V ° But in fuzzy subsets reverse
is not necessary true. For example if
v={(a,.6),(b,.2),(c,0)}then ucve®,
unv=1{(a,2),(b,2),(c,0)}#0.
Definition 1.17[19]: Let fbe a mapping from a set X into a set Y and u is a fuzzy subset

of X. Then f and u induced a fuzzy subset v=f (u) of Y whose membership function is

defined by
v(y) = (@) ) =sup {u(®)} if f[{y}]1#¢, xe X

=(), otherwise.

Definition 1.18[19]: Let fbe a mapping from a set X into Y and v be a fuzzy subset of Y.

Then the inverse of v writtenas u =1 ~I(v) is a fuzzy subset of X and is defined by
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u(x) = (£7'(v)) (x) = v (f(x)), for xe X.

Example 1.19: Suppose that X= {X,y,z, w}and Y={a, b, c}. Define f: X —> Y by

f(x)=b, f{y)=c, f(z)=a, f(w)=a. Let u eI* be given by u(x) =2, u(y) =3, u (z) =5 and
u (w) =4. Then (f (u))(a) = sup {u (2), u (W)} =.5. Similarly, (f (W))(b) = sup u (x) =2,
and (f (w))(c) = sup u (y) =3.

On the other hand, if v is a fuzzy set in Y given by v (a) =.6, v (b) =.8, v (c) =.7. Then
() () = vER)=v(b)=8, (£ (V) (v) = v(Ey)=v(e)=7, ("'(v)) (2) = v(fD)=V(a)=6,
(E7(¥) (W) = V(EW)=V(a)=6.

We now mention some properties of fuzzy subsets induced by mappings.

Let f be a mapping from X into Y, u be a fuzzy subset of X and v be a fuzzy subset of Y.
Then the following properties are true [19].

(a) £(v®)= (f'(v)° forany fuzzy subset v of Y.

(b) f(u®)=(f(u))® forany fuzzy subset uof X.

(¢) vicvy = f(vi)c £1(va) , where v; and v, are two fuzzy subsets of Y.
(d) uicuz = f(ur)c f(uy), whereu; and u; are two fuzzy subsets of X .

(e) v:f(f'](v)) , for any fuzzy subset v of Y.

(f) uc £71 (£ (u)), for any fuzzy subset uof X.

(g)Let f bea function from X into Y and g be a function from Y into Z. Then

(gof)'(W) = f—l(g"(w)),foranyfuzzy subset win Z , where (gof) is the

composition of g and f .

Definition 1.20[72] : A fuzzy pointin X isa special type of fuzzy set in X with

membership function p() =T, p(y)=0,Vy=#x,where 0<r<lI. This fuzzy point is

said to have support x and value r and this point is denoted by X; or (1.



Chapter 1 Preliminaries EJ 9

Definition 1.21[72] : A fuzzy point p is said to belong a fuzzy set u in X (p € u)ifand
only if p(x) <u(x) and p(y) <u(y) V y # x. Evidently, every fuzzy set u can be
expressed as the union of all the fuzzy points which belong to u.

Definition 1.22[72] : Two fuzzy sets u and v in X are said to be intersected if and only if

there exist a point x € X such that (unv) () #0.In this case we say that u and v

intersect at x.

Definition 1.23[3]: Let X be a non empty set and u be a fuzzy set in X. A a- cut of u is
defined by a, ={x : u(x)> d, ael}. |
Definition 1.24[3]: Let X be a non empty set and u be a fuzzy set in X. A strong o~ cut of
u is defined by oy ={x : u(x) > o, ael}. We see that a-cut and strong o-cut are crisp

subsets of X.

Definition 1.25[3]: Let X be a non empty set and u be a fuzzy set in X. The support ofuin

X is the crisp subset of X that contains all the elements of X that have non-zero

membership grads in u, L.e., suppu = {x:u(x) > 0}. The 1-cut is called the core of u.

Definition 1.26[3]: The height h(u) of a fuzzy set u is the largest membership grade

S

: u
obtained by any element in that set, 1.€., h(u) = IiY u(x).

X e

xeX

Definition 1.27[3]: For a finite fuzzy set, the cardinality || defined as|a|= D a(x).

le| = |—Cﬂ is called the relative cardinality of a.
x
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Definition 1.28[3]: A fuzzy set u is called normal when h(u) = 1; it is called subnormal
when h(u) < 1. The height of u may also be viewed as the supremum of o for

whicha, #¢.

Definition 1.29[19]: Let X be a non empty set and t be the collection of fuzzy sets in X.

Then t is called a fuzzy topology on X if it satisfies the following conditions:
(i) 1,0 e t,
(ii) If u;j et foreach i € A,then Ujc u; et.
(iii) Ifu;,uz et then uyNuzet.

If t is a fuzzy topology on X, then the pair (X, t) is called a fuzzy topologijcal space
( fts, in short ) and members of t are called t- open ( or simply open ) fuzzy sets . If uis

open fuzzy set, then the fuzzy sets of the form 1-u are called t- closed (or simply closed)

fuzzy sets.
Definition 1.30[60]: Let X be a nonempty set and t be a collection of fuzzy sets in X such

that
(i) 1,0 et,
(ii) Ifuj et for each i € A, then Uieali €L
(iii) Ifu;,uz €t then ujNuzet.
(iv) all constant fuzzy sets in X belong to L.

Then t is called a fuzzy topology on X.
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Example 1.31: Let X={a,b,c,d},t={0,1,u,v},
whete 1={(a,1),(b,1),(c,1),(d,1)}
0={(a,0),(b,0),(c,0),(d,0)}
u={(a,.2),(b,.5),(c,7),(d,.9)}
v=1{(a,3),(b,.5),(c,8),(d,.95)}
Then (X, 1) is a fuzzy topological space.

Definition 1.32[64]: Let X be a nonempty set. A subfamily t" of X is said to be a supra

topology on X if and only if
(i) 1,0 et
(ii) If u; et foreach i€ A, then Ujeau; et¥,

Then the pair (X, t') is called a supra fuzzy topological spaces. The elements of t are

called supra open sets in (X, t") and complement of supra open set is called supra closed
set.

Example 1.33: Let X={x, y} and u, v € I are defined by u(x) =8, u(y) =.6 and v(x) =.6,
v(y) =.8. Then we bave w(x) =(u U v)(x) =38, w(y) =(u v v)(y) =8 and k(x) =(u N v)(x)

=6, k(y) =(u nv)({¥) =.6. If we consider t" on X generated by {0, u, v, w, 1}, then t"is

supra fuzzy topology on X but t is not fuzzy topology. Thus we see that every fuzzy

topology is supra fuzzy topology but the converse is not always true.

Rajshah) U’nr'vcrsity Libysry
Documenlalion Section =

Document No PR
! )N ¢ VAYA
Date.., U
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Definition 1.34[72]: Let u be a fuzzy set in (X, t). The interior of u is defined as the union

of all t — open sets contained in u. It is denoted by u®. Evidently u °is the largest open

fuzzy set contained in u and (u®)°=u®°,

Definition 1.35[72]: The intersection of all the t — closed set containing u is called the

closure of u denoted by u . Obviously u is the smallest closed set containing u and

A

—u

Definition 1.36[101] : A fuzzy set n in a fuzzy topological space (X, t) is called a
neighborhood of a point x € X, if and only if there exit u € t suchthatucn and u (x)
=n (x)>0.

Example 1.37: Let us consider the example 1.15, andn={(a,.5),(b, 6),(c,.8),
(d,.9)}. Now n is a neighborhood of d € X. Since u € t such tﬁat ucnandu(d)=n
(d) > 0, n is a neighborhood of d. Similarly, n ;= {(a,.7),(b,.6),(c,.75),(d,.9)}
is a neighborhood of d . We denoted the family of all neighborhoods of x by N.
Definition 1.38[72]: A fuzzy set u in a fuzzy topological space (X, t) is called a
neighborhood of a fuzzy point X if and only if there exist a fuzzy set u; € t such that

X . € U, < u . A neighborhood u is called an open neighborhood if u is open. The family

consisting of all the neighborhoods of X is called the system of xr.
Definition 1.39[73]: Let (X, t) and (Y, s) be two topological spaces. Lett and s’ are

associated supra topologies with t and s respectively. The function f: (X, t') —(Y, s')

is called supra fuzzy continuous if and only if for every v € s, f 1 (v) et the function f

is called supra fuzzy homeomerphic if and only if f is bijective and both fand £ are

supra fuzzy continuous.



fa ' ‘
Chapter 1 @reliminaries 13

Definition 1.40[64] : The function f: (X,1') — (Y,s") is called supra fuzzy open
if and only if for each open supra fuzzy set uin (X,t" ), f(u) is open supra fuzzy set
in(Y,s).

Definition 1.41[64]: The function f : (X, t") — (Y, s) is called supra fuzzy closed if

and only if for each closed supra fuzzy set uin (X, t ), f(u) is closed supra fuzzy set in
(Y, s).

Proposition 1.42 ([73] Theorem 1.1): Let £ : (X, t) ——> (Y, s’) be supra fuzzy

continuous function, then the following properties hold :

(i) For every s* —closed v, f(v) is t” — closed.

(ii) For each supra fuzzy poeint p in X and eaclll neighborhood u of f (u), then there exist a
neighborhood v of p such that f (v) = u.

(iiii) For any supra fuzzy setuin X, f(u)c( f(u)).

(ivj For any supra fuzzy set vin'Y, ( fl(v))c £H(v).

Proposition 1.43( [62] Theorem 31): Let f:(X, t*) —> (Y, s*) be supra fuzzy

open function , then the following properties hold:
(i) f(u°)g(f(u))“,foreachsuprafuzzyset uin X.
i) (f'w)°cf 1 (v°), for each supra fuzzy set vin Y.

Proposition 1.44([63] Theorem 1.5): Let f: (X, t') —> (Y, s") be a function. Then f

is closed if and only if f(u) < f (u) for each supra fuzzy set uin X.

Definition 1.45[72]: Let (X, t") be a supra fuzzy topological space and A be an ordinary

subset of X. The class tta=f{u/A :u et'} determines a supra fuzzy topology on A .

This topology is called the subspace supra fuzzy topology on A.
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Definition 1.46[106]: Let (X, t") be a supra fuzzy topological space. A subfamily B of t'is

% .
a base for t if and only if each member of t* can be express as the union of some members

of B.

Definition 1.47[106]: Let (X, t*) be a supra fuzzy topological space. A subfamily S of tis

a sub- base for t” if and only if the family of finite intersection of members of S forms a

base fort’.

Definition 1.48[111] : If u; and u are two supra fuzzy subsets of X and Y respectively,
then the Cartesian product u; x u of two supra fuzzy subsets u; and u; is a supra fuzzy
subsets of X x Y defined by (u;xu;)(x,y)=min (u(x), uxy)), for each pair (x,
ye X xY.

Definition 1.49[105] : Let { X;,i € A }, be any class of sets and let X denoted the
Cartesian product of these sets, i.e., X =1ITiea X;. Note that X consists of all points
p=<a;, i e A> where a;e Xj. Recall that, for each jo, € A, we define the

projection 7j, from the product set X to the coordinate space X jo. ie wjo : X ——> Xjo

bymj(<aj:ieA>)=aj,

These projections are used to define the product supra topology.

Definition 1.50[106]): If (X1, ') and (X2, t', ) be two supra fuzzy topological space
and X=X, x X3 be the usual product and t' be the coarsest supra fuzzy topology on X,

then each projection 7 : X——> X, i=1,2 is supra fuzzy continuous. The pair (X, t)

is called the product space of the supra fuzzy topological spaces (X1, t 1) and (X2, t'2).

Proposition 1.51( [13] Theorem 3.6 ) : If u is a supra fuzzy subset of a supra fuzzy

topological space ( X t')) and v is a supra fuzzy subsets of a supra fuzzy topological

space(Y,t*z),then uxvgu xv
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Definition 1.52[105]: Let { X o} ¢ 4 be a family of nonempty sets . Let X =ITq e X o be
the usual product of X, ’s and let 7, be the projection from X into X o . Further assume
that each X o is an supra fuzzy topological spaces with supra fuzzy topology t'q . Now the
supra fuzzy topology generated by { 1, (bo): bgetq, o € A } as a sub basis, is called
the product supra fuzzy topology on X . Clearly if w is a basis element in the product,
then there exist a1, a3, .....00n € Asuchthat w(x)= min { by (x¢) : a=1,2,3,
...... n},where x=(Xqy)aen € X.

Definition 1.53[111]: Let (X, T) be a topological spaces and T  be associated supra

topology with T. Then the function f:X — Ris semi continuous if and only if
{xe X : f(x)>ca} isopenforalla e R.

Definition 1.54[60]: Let (X, T) be a topological spaces and T" be associated supra
topology with T. Then the lower semi continuous topology on X is

o (T)={uel® -yt (a,l]eT'}foreachaeIl.Itcanbeshownthatm(T')isa

supra fuzzy topology on X.
Let P be the property of a topological space (X, T") and FP be its supra fuzzy topological

analogue. Then FP is called a ‘good extension’ of P  iff the statement (X, T') has P iff

(X, ®(T")) has FP ” holds good for every topological space (X, ™.
Definition 1.55[3]: A fuzzy topological space (X, t) is said to be fuzzy Ty if and only if

(a) for all distinct clements x, y €X, there exists ue t such that u(x) =1, u(y) = 0 or

u(x) = 0, u(y) =1;

(b) for all distinct elements X, y X, there exists ue t such that u(x) <u(y) or u(y) <u(x);

(c) for all distinct elements X, ¥ eX, niny <L

Definition 1.56[3]: A fuzzy topological space (X, t) is said to be fuzzy T, if and only if
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(a) for all distinct elements x, y X, there exist u, ve t such that u(x) =1, u(y) =0 and
v(x) =0, u(y) =1;

(b) for all distinct elements x, y €X, there exist u, ve t such that u(x) >0, u(y) =0 and
v(x) =0, v(y) >0;

(c) for all distinct elements x, y X, there exist u, ve t such that u(x) > u(y) and
v(y) > v(x).

Definition 1.57[3]: A fuzzy topological space (X, t) is said to be fuzzy Hausdorff or T if
and only if

(a) for all distinct elements x, y €X, there exist u, ve t such that u(x) =l1=u(y) and
unv=0;

(b) for all pair of distinct fuzzy points x;, ys €X, there exist u, ve t such that x; €u, ys €v
and v =0; (c) for all distinct elements x, y €X, there exist u, ve t such that u(x) > 0,
v(y)>0and unv=0.

Definition 1.58[3]: A fuzzy topological space (X, t) is said to be fuzzy regular if and only
if for each x e X and closed fuzzy set u with u(x) =0, there exists open fuzzy sets v, w et
such that v(x)=1, uc w andvcl-w.

Definition 1.59[3]: A fuzzy topological space (X, t) is said to be fuzzy normal if and only

if for each close fuzzy set m and open fuzzy set u with m C u, there exists a fuzzy set v

suchthat mcv cvecu.



CHAPTER-2
To Spaces in Supra Fuzzy Topology

2.1 Introduction
Four concepts of Ty supra fuzzy topological spaces are introduced and studied in this

chapter. We also establish some relationships among them and study some other properties

of these spaces.

Definition 2.2: Let (X, t) be a fuzzy topological space and t be associated supra

topology with t and a € I;. Then

(a) (X, t*) is an o - T (i) space if and only if for all distinct elements x , y € X, there

exists ue t such that u(x) =1, u(y) < a or there exists ve t* such that v(x) < a, v(y) = 1.

(b) (X, t) is an a - T ofii) space if and only if for all distinct elements X, y € X, there exists

ue t such that u(x) = 0, u(y) > a or there exists ve t" such that v(x)>a , v(y) = 0.

() (X, t )is an a-T o(iii) space if and only if for all distinct elements x , y € X, there

exists ue t such that 0< u(x) < a <u(y) €1 or there exists ve t such that

0<v(y)<a<v(x) <l
(d) (X t ) is a T o(iv) space if and only if for all distinct elements x , y € X, there exists

ue t such that u(x) #u(y) -

Lemma 2.3: Suppose (X, t) is a topological space and t* is associated supra topology

with t and o € I 1. Then the following implications are true:

(@ (X t*)isa-To(i)implies(X,t')is o - T (iii) implies (X, t)is To(iv).

0y (X,t )isa-Tol) implies (X, t')is o - To (iii) implies (X, t)is To (iv).
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Also, these can be shown in a diagram as follows:

a-To(i)

a-To(ii)) = To(iv).
o - T (ii)

Proof: Suppose (X, t‘) is o - T ¢ (i). We have to prove that (X, t') is a - T o (iii). Let x and
y be any two distinct elements in X. Since ( X ,t )is o - T (i) , for o € I}, then by
definition, there exists u € t such that wu(x) =1, u(y) £ o which shows that

0< u(y) < o <u(x) < 1. Hence by definition (c), (X, t) is e - To (iii).

Suppose (X, t‘) is o - T ¢ (iii). Then, for x, y €X with x=y, there exist u € t such that

0 <u(x) <o <u(y) <1, ie,u®X) = uy), hence by definition, ( X, t')is a - Tofiv).

Let (X, t*) is o - T (ii). Then, for x, y €X with x=y, there exists u € t" such that u(x) =0
and u(y) >a, which implies 0< u(x) < o < u(y) <1. Hence, by definition, (X, t") is

o - T (iii) and hence (X, t) is o - To(iv).

Therefore, the proof is complete.
The non-implications among o - To(), a-To(i), a-To (iii) and T ¢ (iv) are shown in
the following examples, i.e., The following examples show that

(a) Ty (iv) does not imply o - To (iii), 50, not imply o - T (i) and a - T (ii).
(b) a- Ty (iii) does not imply o - To (i) and a - T g (ii).

(c) o - T (i) does not imply o - To (id).
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(d) a - Ty (ii) does not imply o - T ().

Example 2.4: Let X = {x, y} and u e I ¥ is defined by u(x) = 0.4, u(y) = 0.7. Let the
supra fuzzy topology t on X generated by { 0, u, 1, Constants }. Then for o = 0.8, we
can easily show that (X, t°) is T o(iv) but (X, t) is not o - T o(iii), so, not o - T ¢ (i) and

o - To (ii).

Example 2.5: Let X = {x, y} and u e I *be defined by u(x) = 0.5, u(y) = 0.9. Let the
supra fuzzy topology t on X generated by {0, u, 1, Constants}. For a = 0.7, we
have 0 < u(x) < 0.7 <u(y) £1. Thus according to the definition, (X, t') is a - Tp (iii) but

(X, t') is not a-To (1). Also we can easily show that (X, t") isnot o -T ofii).

Exafnple 26:LletX={x,y}andu e 1* be defined by u(x.) =1, u(y) = 0.5. Consider the
supra fuzzy topology t* on X generated by {0, u, 1, Constants}. For a = 0.7, we have

u(x) =1 andu(y) < . Thus according to the definition (X, t*) is o -T ¢(i) but (X, t") is not
o-T 0 (11)
Example 2.7: Let X = {x,y} andu € I * be defined by u(x) = 0, u(y) = 0.8. Let the supra

fuzzy supra topology t* on X generated by {0, u, 1, Constants}. For a = 0.4 , it can easily

show that (X, t ) is o - To(i) but (X, t*) is not o -To(i) .
This completes the proof.

Lemma 2.8: Let (X, t*) be a supra fuzzy topological space and a,f et with

0<a<P<l,then

(@) (X, t) is o - To (i) implies X, 1) is B -To (i).
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(b) (X, ") is B- T o(ii) implies (X, ) is o -T o (ii).
(©) (X, t') is 0= Ty (ii) if and only if (X, ") is 0— T (ii).

Proof: Suppose that (X, t") is a supra fuzzy topological space and (X, t)is o - To(i). We
have to show that (X, t*) is B- T o(i). Let any two distinct elements x, y € X. Since (X, t)
isa-ToG),forael;,thereis uet such that u(x) = 1, and u(y) <€ o . This implies

that u(x) = 1, and u(y) < B, since 0 < o< B < 1. Hence by definition, (X, t ) is B - To (i)

Suppose that (X, t‘) is B - T ¢ (ii). Then, for x, y €X with x=y, there exist u € t" such that
u(x) = 0 and u(y) > B, which implies u(x) = 0 and u(y) >a., since 0 < o < < 1. Hence we

have (X, tV) is o -T o (ii).

Example 2.9: Let X={x,y} andu € I be defined by u(x) = 1, u(y) = 0.6. Let the supra

fuzzy topology t” on X generated by {0, u, 1, Constants}. Then by definition, for o = 0.5

and B =0.8; (X, t')is B -To () but (X,t )isnot a-To ().

Example 2.10: Let X = {x, y} andu € 1% be defined by u(x) = 0, u(y) = 0.65. Let the
supra fuzzy topology t" on X generated by {0, u, 1, Constants}. Then by definition, for

o= 0.45 and p=0.75; (X, t") is & -To (ii) but (X,t )isnot B-To (id).

In the same way, we can prove that (X, t') is 0—T(ii) ifand only if (X, t') is 0 — Toi).

Theorem 2.11: Let (X, T) be a topological space and T  be associated supra topology

with T and o € I;. Suppose that the following statements:

(1) (%, T") be a T o — space.

2) (X, o (T)) beana-T o(i) space.



Chapter 2 ToSpaces in Supra Fuzzy Topology 0 21

(3) (X, o (T")) be an a- T i) space.
(4) (X, ® (T")) be an a- T (iii) space.
(5) (X, @ (T")) be 2 T ¢ (iv) space.

Then the following implications are true:

(@) (1) =(2) =4 =(5) =(1).

(b) (1) =) =) =(5) =(1).
Proof: Suppose (X, T*) is a Tq — topological space. We have to prove that (X, ® (T) is
a - To (i) space. Suppose x and y are two distinct elements in X. Since (X, T is Tg, there
is U e T such that xe U, y ¢ U. By the definition of lIsc , we have 1y e m(T') and
1ly(x) = 1, 1y(y) = 0. Hence we have (X, ® (T") is o -T o(i) space. Also we have
X, ® (T*)) is a - T (ii) space. Further, it is easy .to show that (2) = (4), (3) = (4) and
(4) = (5). We therefore prove that (4) = (1).
Suppose (X, ® (T')) be a T o(iv) space. We have to prove that (X, T*) is Tp — space. Let
X,y € X with x # y. Since (X, o(T7) ) is T (iv), there is ue co(T*) such that u(x) <u(y)
or u(x) > u(y) . Suppose u(x) < u(y)- Then for r € Ij, such that u(x) <r <u(y). We
observe that x ¢ u”'(r, 1], ye u’l(r, 1], and by definition of lIsc, u'(r,1] e T". Hence

(X, T") is To — space.

Thus it is seen that o — To(p) is a good extension of its topological counter

part (p =1, i, ii, iv ) -
) be a supra fuzzy topological space, o € I | and

Theorem 2.12: Let (X, t

I, ()= ful(a,1] :ue t'}, then
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(@) (X, t') is an & -T ofi) implies (X, Io(t)) is To.
“(b) (X, t") is an & =T ofif) implies X, 1o(tY) is To.
(©) (X, t') is an o -T g(iii) if and only if (X, Ia(t*)) is Tp.
Proof: (a) Let (X, t") be a supra fuzzy topological space and (X, t') be & - T o(i). Suppose
x and y be any two distinct elements in X. Since (X, t') is o -T o(i), for o € I, there
exists uet’ such that u(x) = 1, u(y) < o. Since ul(a,l]elot), yeu'(a,1]and

xe u’(a, 1], We have that (X, I4(t") ) is T — space .

(b) Let (X, t") be a supra fuzzy topological space and (X, t') be o - T o(i). Suppose x and
y be any two distinct elements in X. Since (X, t") is o -T o(ii), for « € I, there exists
uet such that u(x) = 0, u(y) > a. Since u o, ]e I ), yeu'(a, 1] and

X¢& u'l( o, 1] thus, we have that (X, It )is Ty —space.

(¢) Finally, suppose that (X, t') is o - T o(iid). Let x, y € X with x = y. Since (X , t) is
a - T o(iii), for a € I, there exists u € t* such that 0 < u(x) < o < u(y) < 1. Since

ul(a,1]e Ia(t*), xgul(a,l]andy € ul(a,11],s0 these implies (X, Io(t) ) is
T o — space.
Conversely, suppose (X, 14(t") be To— space. We shall prove that (X, t)isa o - T oiii)

space. Letx,y € X withx #Y. Since (X, 1 (1) is To— space, there exists u(a, 1elq(t)

-1 *
suchthatxeu'l(a,l]and yg u (a,l],where u et . Then we have u(x) > a,

uy) <o, ie, 0Lu(y)Sa< u(x) < 1, and hence by definition, (X, t') is & - T o(iii) space.

Example 2.13: Let X = {X, y} and u €l X pe defined by u(x) = 0.7, u(y) = 0. Suppose the

supra fuzzy topology + on X generated by {0, u, 1, Constants}. Then by definition, for
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= 0.5, (X, t) is not o-T o(i) and (X, t") is not a - T oii). Now I 4 (t) = {X, ¢ , {x}}.
Then we see that 1, (t') is a supra topology on X and (X, 1o (t))is a To -space .This

completes the proof.

Theorem 2.14: Let ( X , t ) be a supra fuzzy topological space, A < X, and

t*A={u/A :uet'},then

(a) (X,t) isa-Tq(i) implies(A,t a)iso-To ()

(b) (X, t")is a - T (if) implies (A, t* ) is o - T (ii).

(c) (X, t)is a - Ty (iii) implies (A, t A ) is o - To (iii).

(@ (X,t") is To(iv) implies (A, t o) is To (iv).

| Proof: (a) Suppose that (X, t') be a supra fuzzy topoiogical space and (X, t') is o - T o(i).-
Letx,ye A withx#y,sothatx, yeX, as A c X. Since (X, t*) isa-To(@),fora el
there exists ue t such that u(x)=1,u(y)<o.For Ac X, we haveu/A et o and

(u/A)x)=1and (u/A)y) soas X,y € A. Hence by definition, (A, t" ) is o -T o(i).

(b) Suppose that (X, t") be a supra fuzzy topological space and (X, t) is o - T o(ii). Let x,

y € Awithx#y, sothatx,y e X,asAc X Since(X,t‘) isa - To(ii), for a € I;, there

exists ue t such that u®)=0,uy) >a.For Ac X,we haveu/A et o and

(u/ A)x)=0and (u/A)y) >aas X,y & A. Hence by definition, (A, t" a) is o -T oid).

() Suppose that (% t") is o - T ofii) - Then forx,y € A withx #y, so that X,y € X, as

A c X Since (X thisa-To (iii), for a € L, there exists ue t such that 0< u(x) < o. <

uy) <1, For A X, ve haveu/A et s and 0S @A) S <@A) Sl as x,

y € A . Hence, by definition, (A, t ) is o -Toiid).
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Similarly, we can prove (d).

Theorem 2.15: Suppose that (X, t';), i € A be supra fuzzy topological spaces and

X=TI;caXiandt" be the product supra fuzzy topology on X , then

(@) Vie A, (Xi,t'i)is o-To(i) ifand only if (X, t") is & - T (i).

(b) Vie A, (Xi,t';)is a- Tii) ifand only if (X, t) is o - T o (ii).

(¢) Vie A, (Xi,t';)is o- Tiii) if and only if (X, t") is - T o (iii).

(d)VieA, (Xi,t*i)is T (iv) if and only if (X, t') is Ty (iv).
Proof: (a) Suppose that Vie A, (X; ,ti)is o - To(i). Let x, ye X with x #y, then
X{#Vi, forsomei eA. Since(Xi,t'i)isoc-To(i), foraeIl,thereexistsuiet'i,
ie A such that u;(x)=1and u;(y;)<o. Butwehaven;(x)=x;,and i (y)=Yi
Then ui( mi(x))=1 and ui(=m;(y))<a, ie.,(ujon;)(®)=1and (ujom;)(y)<c.
It follows that there exists (ujom;) et suchthat(ujom;)(x)=1,(ujom;)(y)<a.

Hence by definition, (X, t') is o - To(i) .

Conversely, suppose that (X, t") is a - T o(i) space. We have to show that ( X, t i),
ie Aisa-To(). Let a; be a fixed element inX; and Aj={x e X=ITica Xi :1Xj=a;j
for some i#j }. Thus Ajis a subset of X and hence (Aj,t i) is also a subspace of

X . 1. Since (%, £) is o - To) (A» ¢ ai) s also a-To () . Now we have Als

homeomorphic image of Xi. Thus, we have (Xi,ti),ieAisa-To ().
(b) Suppose that V i € A, (Xi,ti)iso-To(i). Letx, ye X with x #y,then x;=y;,

* v se . . o .
for some i €A. Since (Xi,t )isa-To(i), forael,thereexistsu; et j, ieA

such that u;(x) =0 and uily)>o . But we have mt; (X) =xi,and 7;(y)=yi.Then
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ui(wi(x))=0 and u(mi(y))>a, ie, (uiom;)(x)=0 and (ujomn;)(y)>a. It
follows that, there exists (ujon;) e t* such that (ujon;) (x)=0,(ujom;)(¥)>o.

Hence, by definition, (X, t*) is o - T (i) .

Conversely, suppose that (X, t') is ot - T o(ii) space. We have to show that (X, ti)
i€ Aisa-Toii). Let ajbeafixed element inX; and Aj={xe X=IT;caX; :xj=2
jforsome i#j}. Thus Ajisa subset of X and hence (A;, t* ai ) is also a subspace of
(X,t) . Since (X, t") is o - To(i), (A; ,t i) is also a-To (ii) . Then, we have A jis

homeomorphic image of X ;. Thus, we have (X;, t; ), ieAisa- Ty (ii)

(c) SupposethatVieA,(Xg,t*i)isa-To(jii). Letx,ye X with x=y,then xi#Yyi,
for some i €A. Since(Xi,t'g)isa-To(iii), foraeIl,thereexistsuiet‘i, ieA.
such that 0< (uj)(x;) < a < (u)(yi) <1 . But we have n; (x) =X, and 7;(y)=yi. Then,
we have 0<uj(mix)La<ui(mi(y)<l, ie, 0<(ujom;)(x)<a<(ujom;)(y)=l.
It follows that, there exists (u ;o0 T i) e t suchthat 0S (ujom;)(x)<a<

(u;om;) (y)<l. Hence, by definition, (X, t) is o - To (iii).

Conversely, suppose that (X, t") is o - T o(iii) space. We have to show that (X i, t i),

i e Aisa - Toiii). Let a; be a fixed element inX;and Ai={x e X=Tlica Xi : Xj=3;
for some i#j }. Thus A is a subset of X and hence (A ; , t' a) is also a subspace of

(X, t). Since (X, t") is o - To(iil), so (Ai,t a) is also a-To(iii). Then, we have A is

homeomorphic image of Xi. Thus, we have (Xi, '), ieAis a- T (ii).

Similarly, (d) can be proved.
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Theorem 2.16: Let (X, t") and (Y, s") be two supra fuzzy topological spaces and

f: X —— Y be a one-one , onto and open map, then

(@) (X, ') is o -To (i) implies (Y, s") is a- To ().

(b) (X, 1) is o Ty (ii) implies (Y, s7) is a- To (ii).

(c) (X, t*) is o -Ty (iii) implies (Y, s") is a- To (iii).

(d) (X, t') is Ty (iv) implies (Y, s") is Ty (iv).
Proof: (a) Suppose (X, t*) be o -Tg (i). We have to prove that (Y, s') is o -Tg (i). Let
y1, Y2 € Y with y; # y». Since f is onto, there exist x, x; € X with f(x1) = y1 , f(x2) = y2
and hence x; # X, as fis one-one. Again, since (X, t") is a-Te(i) , for o € I, there exists

ue t such that ux)=1,u(y)<a.

Now, £ (u) (y1) = {Sup u(x1): f{x1)=y1}

f(u) (y2)={Supu(xz) :f(x2)=y2}
<o.

* 3 *
Since f is open, f(u) € s’ as ue t. We observe that there exists f(u) € s such that

f0) (y2)=1, (1) (y2) < o . Hence by definition, (¥, s is ot~ To(0).
(b) Suppose (X, ) be o -To (if) . Then for y1,y2 € Y with y1 #y2, there exist xi , X; € X

with f(x1) = ¥1 f{x2) = y2 » since fis onto, and hence x) # X; as fis one-one. Again, since

X t") is o-To (ii) for o € I} , there exists ue t* such that u(x) = 0, u(y) > a.
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Now, f(u) (y1) = {Supu(xy) : f(x;)=y, }

fw) (72) = {Supu(xa) :f(x;)=y, }

>a.

Since f is open, f (1) € s" as u e t". We observe that there exists f (u) € s such that f (u)

(v1) =0, f(u) (y2) > a . Hence by definition, (Y, s*) is a - Ty (ii).
Similarly, (¢) and (d) can be proved.

Theorem 2.17: Let (X ,t) and (Y ,s) be two supra fuzzy topological spaces and

f: X —— Y be continuous and one-one map, then

(a) (Y, s")is o- To (i) implies (X, t') is o - To (D).
(b) (Y, s") is o To (ii) implies (X, t') is ot - To (ii).
(©) (Y,s")is a- To(iii) implies (X, t") is o - Toiii).
() (Y, s7) is To (iv) implies (X, t") is To(iv).
Proof: (a) Suppose (Y, s") be a. - To (i). We have to prove that (X, t) is a -To (i). Let

X1, Xa €X with x;#x2, then f{x1) # f(x,) in Y, since f is one-one. Also since (Y , s )is

a-To (i), for o € I, there exists u & s such that u( f(x;) ) = 1 and u ( f(x2) ) < a. This

implies that £ (i) = 1 £1(u) (x2) <o, since u € s* and f is continuous, then f*'(u) e t".

Thus there is a f"'(u) €t such that £ “I(w) (x1) = 1, £ (w) (x2) < . Hence (X, t") is a =To ().

(b) Suppose (Y s') be a - To (ii). Then, for x, X2 € X with x; # Xz, we have, f(x;) = f(x2)

¥ . . . L
in Y. since f is one-one. Also since (Y, s') is a-To (i), for o € I, there exists ue s such
2
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that u ((x1)) = 0 and u (f(x,)) >o.. This implies that £'(u) (x;) = 0, f'(u) (xz) >a, since
u € s and f is continuous, then f 'l(u) e t'. Thus there is a f"(u) e t such that

() (1) =0, £(u) (x2) > . Hence (X, t') is o ~To (ii).

(¢) Suppose (Y, s") be o - Ty (iii). Then, for x;, x; € X with x| # x5, we have, f(x;) # f(x2)
in Y, since f is one-one. Also, since (Y, s" ) is a-To(iii), for o € I, there exists u € s
such that 0 < u( f(x)) ) < o <u (f(x) ) < 1. This implies that 0 < £l (x1) <a<f'()
(x2) <1,sinceu € s and fis continuous, then £ "'(u) e t". Thus, there is a f"(u) € t’ such

that 0 < £(u) (x)) <a<f(u)(xz) <1.Hence (X, t") is o -Toiii).

Similarly, (d) can be proved.



CHAPTER 3

T1 Spaces in Supra Fuzzy Topology
3.1 Introduction

In this chapter, we introduce and study four concepts of T; supra fuzzy topological spaces.
We also establish some relationships among them and study some other properties of these
spaces.

Definition 3.2: Let (X, t) be a fuzzy topological space and t’ be associated supra topology

with t and oce I;. Then
(a) (X,t" )isan o - T (i) space if and only if for all distinct elements x ,y € X, there

exists ue t such that u(x) =1, u(y) < a and there exists ve t* such that v(x) < a,

v(y)=1.

(b) (X, )is an o - T i(ii) space if and only if for all distinct elements x, y € X, there

exists ue t such that u(x) =0, u(y) > o and there exists ve t* such that v(x) > o,

v(y) = 0.

() (X, t)is an a - T iii) space if and only if for all distinct elements X,y € X,

. *
there exists ue ¢* such that 0<u(y) € o <u(x) <1 and there exists ve t such

that 0<v(x)<a <v(y) <1l

(d) (%, t') is 2 T y(iv) space if and only if for all distinct elements X, y € X, there exists
u, Ve +* such that u(x) <u(y) and v(x) >v(y).

Lemma 3.3: Suppose (X, ) is a topological space and t" is associated supra topology with
em ot e b

tand o, € 1. Then the following implications are hold:

(@) (X t )is o - T, (i) implies X, t*) is o - T (iii) implies (X, t*) is T (i)
a >

() (X, )isa-Ti() implies (X, t' ) is o - T (iii) implies (X, t)is T (iv).
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One can show these in a diagram given below:

a-T 1(1)

~

co- T (i) = To(iv).

o -T y(ii)

Proof: Suppose (X, t') is o - T (i). We have to prove that (X, t") is o - T (iii). Let x and

y be any two distinct elements in X Since ( X, i Yisa-T, (i), fora € I, then b.Y.
definition, there exist u, v e t' such that u(x) =1, u(y) < « and v(y) =1, v(x) < a which

shows that 0< u(y) < o <u(x) < 1 and 0< v(x) < o <v(y) < 1. Hence by definition (c),

(X, t") is o - T (i) .

Let (X, t‘) is o - Ty (iii). Then for any x and y be two distinct elements in X, there exist u,

v e t such that 0< u(y) < o < u(x) <1, i.e., u(y) < u(x). Hence, by definition, (X, t") is

T 1(iV).

Let (X, t") is a - T 1 (ii). Then for any X and y be two distinct elements in X, there exist
u, v & t such that u(x) = 0, u(y) > & and v(x) =0, v(x) > . ie., 0<u(x) < o <u(y) <1, and

0< v(y) < & < v(x) < 1. Hence, by definition, (X, t"is T, (iii) and (X, t)is T (iv).

The non-implications among o - T1 (@), a-T (), a-T (i) and T (iv) are shown

in the following examples: .

Example 3.4: Let X = {x, ¥} and u € 1 X be defined by u(x) = 0.52, u(y) = 0.95 and

v(x) = 0.95, v(y) = 0.52. Let the supra fuzzy topology t" on X generated by {0, u, v, 1,

Constants}. For o = 0.81, we have 0 <u(x)<0.81<u(y)<land0 < v(»)<081<v(x)<1.

Thus according to the definition, (X, t') is o - Tu(iii) but (X, t ) is not o - Ty(D).

Also. we can easily show that (X, t") is not . =T 1(iD).
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Example 3.5: Let X = {x, y} and u e I X be defined by u(x) = 1, u(y) = 0.53 and
v(x) =0.53, v(y) = 1. Consider the supra fuzzy topology t on X generated by {0, u,v,
1, Constants } . For o = 0.76, we have u(x)=1, u(y)<a andv(y)=1, v(x) <. Thus
according to the definition (X, t") is o -T (i) but (X, t') is not o =T y(ii).

Example 3.6: Let X ={x,y}andue I* be defined by u(x)=0, u(y) = 0.83 and
v(x) = 0.83 , v(y) = 0. Let the supra fuzzy supra topology t' on X generated by {0, u, v, 1,
Constants}. For o. = 045 , it can easily show that (X, ") is o - T1(ii) but (X , t* ) is not
o -T ().

Example 3.7: Let X = {x, y} and u € 1 * is defined by u(x) = 0.35, u(y) = 0.72 and
v(x) = 0.72, v(y) = 0.35. Let the supra fuzzy topology t" on X generated by {0, u, v, 1,
Constants}. Then for o = 0.82, we can easily show that (X, t') is T 1(iv) but (X, t') is not
o - T 1(iii) and hence not o -T (i) and o -T 1(if).

Thus the proof is complete.

Theorem 3.8: Suppose that (X, t") is a supra fuzzy topological space and a, 8 et’ with

0<a<p<l1.Then
(a) (X, t")is o - T (i) implies (X, t")is B -T1 (0)-
(b) (X, t') is B - T (ii) implies (X, £ is o -T 1(ii)-

(©) (X, t') is 0 — T y(ii) if and only if (X, t') is 0 — T ().

Proof: (a) Suppose that (X, t") is a supra fuzzy topological space and (X, " is a - T (D).

We have to show that (X, t" is B- T 1(i). Let any two distinct elements x, y € X. Since

X, t) is a- T () , for @ € I, ,thereis u, V€ t' such that u(x) =1, u(y) £ o and

v(y) =1, v(x) < o This implies that u(x) = 1, u(y) < B,and v(x) < B, v(y)=1, since

0 < o< p < 1. Hence by definition, X, 1) isp-T1 @
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(b) Suppose (X, t')is B - T |(ii). We have to show that (X, ') is o~ T (ii). Then for any
two distinct elements x,y e X, there are u,vet such thatu(x)=0, u(y) > P and v(y)
=0, v(x)> B, for B & I. This implies that u(x) = 0, u(y) > o and v(y) = 0, v(x) > @, since
0 <a <P <1. Hence, by definition, (X, t") is - T (ii).
The proof of (¢) is trivial.
Example 3.9: Let X = {x, y} and u, v € [ * be defined by u(x) = 1, u(y) = 0.62 and
v(x) = 0.62, v(y) = 1. Let the supra fuzzy topology t' on X generated by {0, u v, 1,
Constants}. Then by definition, for o= 0.51 and p=0.84; Thus (X ,t )is B -T) (i) but
X, t*) isnot o -T; (i).
Example 3.10: Let X = {x, y} and u, v € 1% be defined by u(x) = 0, u(y) = 0.65 and
v(x) = 0.66, v(y) = 0. Let the supra fuzzy topology t* on X generated by {0, u, v, 1, °
Constants}. Then by definition, for oo = 0.41 and B = 0.84; ( X, t ) is o-T; (ii)) but
(X, t)isnot B-T (i)
Theorem 3.11: Let (X, T) be a topological space and T be associated supra topology with
T and o e I ;. Suppose that the following statements:

(1) (X, T") be a T — space.

2) (X, ® (T") be an a- T (i) space-

(3) X, ® (T")) be an - T (i) space.

(4) (X, 0 (T) be an a- T (iii) space -

(5) (X,  (T")) be a Tu(iv) space -
Then the followings are true:

@ O=>@=2>@=>6=>0

b OH=>0)= @H=>0)= (D).
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Proof: Suppose (X, T))isa T — topological space. We have to prove that (X, @ (T")) is
o - T 1(i) space. Suppose x and y are two distinct elements in X. Since (X, T') is
Ty -spaces, there are U, V € T" such that xe U, y ¢ U and x ¢ V, ye V. By the definition
of Isc,wehave ly,lve m (T") and 1y(x)=1, ly(y)=0and Ty(x) =0, lv(y)=1.
Hence we have (X,  (T")) is & -T 1(i) -space. Also we have (X, @ (T") is o - T 1 (ii)
space. Further, it is easy to show that (2) = (4), (3) = (4) and (4) = (5). We therefore
| prove that (5) = (1). -
Suppose (X, w (T')) be a T 1(iv) - space. We have to prove that (X, T') is Ty — space. Let
X,y € X with x #y. Since (X, ® (T*)) is T (iv), there are u, ve ® (T") such that
u(x) < u(y) and v(x) > v(y). Suppose thatr, s € I; such that u(x) <r <u(y) and v(x) > s >
v(y). We observe that x ¢ u'l( r,1], ye ul(r, 1] and xe vi(s, 1], ye vi(s, 1], and
by definition of lsc, ul(r, 1] and vi(s,1] € T". Therefore (X, T") is T| — space.
Thus it is seen that oo — Ty (p) is a good extension of its topological counter
part (p =1, ii, iii, iv).
Theorem 3.12: Let (X, t’) be a supra fuzzy topological space, o € [ , and
I,(t)={u'(e1] :uet} then

(a) X, t") is an o -T 1(i)-space implies (X, Lo (t") ) is Ty -space.

(b) (X, t') is an o -T 1(ii)-space implies (X, Ia(t"))is Ty -space.
_space if and only if (X, Ia (t) ) is T1 -space.

(©) (X, t") is an o -T y(iii)

Proof: (a) Let (X, t*) be a supra fuzzy topological space and (X, t‘) be a - T ;(i). Suppose

x and y be any two distinct clements in X. Since (X, t')isa-T1(i), for o €I, there

exist u. v e t such that u(®) = L, u(y) < o and v(x) < @, v(y) = 1, Since u (e, 1],
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-1 * 1
v (a’l]EIu(t)! yeu(q’l]’xeu-l(asl]andXEV-l(a,1],yev'l(a,1].

We have that (X, 14(t") ) is T — space .

(b) Suppose that (X, t') be o - T 1(i). Then for any x and y be two distinct elements in X,
there exist u, v € " such that u(x) = 0, u(y) > o and v(x)> a, v(y) =0, for o € I;. Since u
Mo, 1], vi(a,1lelat), ye ul(a,1],x¢u(a,1]andxe vi(a,l1],
ye v'( o, 1]. Wehave that (X, I (t") ) is T - space .

(¢) Suppose that (X, t*) is o - T y(iii)-space. Let x, y € X with x # y. Sincel (X,t)is
o - Ty(iii), for o € I;, there exist u, v e t suchthat 0 < u(x) < o <u(y) <1 and
0<vy)<sa<v(x)<lSinceu™(a,1], vi{(a,l]e I,@t), xg ul(a, 1],
y € u(a,1]and x € vi(a,1],yevi(a,1]s0 theseimplies(X,Ia(t'))is
T —space .

Conversely, suppose (X, Ia(t') ) be T; — space. We shall prove that (X, thisa o - T iii)
space. Let X,y € X with x #y. Since ( X, 14 (t*) ) is T} — space , there exist u a,1],
vi(a,1] e ]a(t*)suchthatxeu'l(a, 1]and yeu'(a,1];x ¢ v'(o,1]and
ye vi(a,1], where u, v e . Then we have u(x)>a,u(y)<aand vx)<a,

vy) > a, ie, 0Zuy) sa< u(x) < land 0 < v(x) < a < v(y) < 1, and hence by

definition, (X, t")is o - T (iii) -space .

Example 3.13: Let X = {x,ytandu, v, W € I * be defined by , u(x) = 1, u(y) =0.63,

V() = 0.43, v(y) =0.83, w(x) = 0.23, w(y) =0.29. Suppose the supra fuzzy topology t* on

X generated by { 0,1,V Ws 1, Constants}.Then by definition, for & = 0.51, (X, t)is

rot o T 1 and (X, € Yismot @=T10) NowTa ()= {X ¢, . {y} }. Then we

X 1a (t')) is a T, -space. This completes the

see that I, (t') is a supra topology on X and

proof.
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Theorem 3.14: Let (X, t') be a supra fuzzy topological space, A < X, and
t'a={u/A :ue t'}, then

(@) (X t)is - T (i) implies (A, 4 ) is - T (i).

(b) (X, t')is o - T (ii) implies (A, t' 2 ) is - T (ii).

(©) (X, t')is o - T (iii) implies (A, t" 4 ) is o - T} (i),

(d) (X, t")is T (iv) implies (A, t' 4 ) is T (iv).
Proof: (a) Suppose that (X,t) be a supra fuzzy topological space and (X, t") is a - T 1(i)
space. Letx,y € Awithx #y,sothatx,y € X,as Ac X. Since (X,t") is & - T (i), for
o € I;, there existu, v e t such that u(x) =1, u(y) < o and v(x) < a , v(y) = 1. For
Ac X,we haveu/A, v/Aet 4 and (u/ A)x) =1 and (u/A)y) < a and
‘(V/IA)X) <0, (v/A)y)=1, as x,y € A. Hence, by definition, (A, t'4) is o -T (i)
(b) Suppose that (X, t") is & - T y(ii)-space. Then for x ,y € Awith x #y , so that
x,y € X,as Ac X and there existu, v € t" such that u(x) =0, u(y) > a and v(x) > o,
v(y) =0, fora € I;. For Ac X, we haveu/A,v/A et o and (u/A)x)=0and
(u/A)(y) > o and (v /A)x) > a, (v/A)y)=0, as x,y € A. Hence, by definition,

(At 4) is o -T(iD).

(c) Suppose that (X, t') is o - T 1(iii)-space. Then for x, y € A with x £y, so thatx, y € X,

as A c X and there existu, v € +* such that 0<u(y) < o <u(x) <1 and 0< v(x) < o < v(y)

<1.fora e I;. For Ac X, we haveu/A,v/Aet'A and 0< (WAX(Y) € a < (WA)X)

<1 and 0< (VIA)(X) S0 < (VIA)Y) £ 1, as x,y € A. Hence, by definition, (A, t A) s
o =T (iii).

Similarly, (d) can be proved.
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Theorem 3.15: Suppose that (X, t"; ), 1 € A be supra fuzzy topological spaces and

X=TI;eanXiandt" be the product supra fuzzy topology on X, then

@ Vie A, (Xi,t'i)is a-Ty(i) ifandonlyif (X,(") iso - T (0).

(b) Vie A, (Xi,t';)is o-T(ii)ifand only if (Xt )is o - T, (ii).

(©) Vie A, (Xi,ti)is o- T i) if and only if (X,t")is c- T (ii).

(d) VieA, (Xi,t')is T (iv) if and only if (X, t" ) is T (iv).
Proof: (a) Supﬁose that VieA, (Xi,t)isa-T,{). Letx, yéXwithx;ty, then
Xi# Y for someieA. Since (X;,t;)isa-T; @), foraeI;,thereexistsuiet‘i,
ie A such that u;(x)=1Lu;(y)<aandv;(y)=1,vixi<a . Butwe have
ni(X)=Xi,and 7w;(y)=yi.Thenu;( myx)) =L ui(m;(y))<aand vi miy)) =1,
vimi®))<a, ie,(uioni)®=1(uioni) () saand(Vvioni) () =1
(Viomi) (X) <o It follows that there exist (Ui o7Ti),(Vioni) € tsuch that
(uiomi)(x)=1,(uon;)(y)Soand(viom;)(y)=1,(viomi) ) <a. Hence by

definition, (X, t')is &t - T1(@) .

Conversely, suppose that (X, t") is o - T 1(i) space. We have to show that (X, t i),

ie Aiso-Ti(0). Let a;be a fixed element inX;and Aj={xe X=ITiea Xi :Xj=a;j

for some i#j }. Thus Ajis asubset of X and hence (A, t ai) is also a subspace of

(X, t). Since ( X, t') is o0 - TuD, (A t' a1 ) is also a- T (). Now we have A is

homeomorphic image of X. Thus, we have (Xi,t'i), ieAisa-Ti ().

(b) Suppose that Vi € A, Xis t';)is o - T1(ii). Then, forx , ye X with x#y, we have

Xi#Yyj, for somei €A thereexistsuiEt'i, ie A such that u;(x)=0,u;(yi)>aand
1 1s ’

vi(y) =0,V (xi) > for o € 1. But,wehavem(x)=xi,and i (y) =yi. Then
i yl - 5 i 1 >
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wi( i) =0, uilmi(y))>aand vi( mi(y)) =0, vi( ; x))>a, ie,(uiomi)®x =0,
(uioni)(Y)>aaﬂd(vioﬂi)(y)=0,(Vioﬂi)(x)>ot . It follows that there exist
(iomi), (Viomi) € t'such that (u; 0 7; )(x) =0, (iom;)(y)>aand (viony) (y)=0,
(vio ;) (X)> o Hence, by definition, (X, t*) is o - Ty (i).

Conversely, suppose that (X, t)is o - T i1(ii) space. Let a; be a fixed element in X; and
Ai={xeX=TlicaX; :xj=ajforsome i=j}. Thus A;is a subset of X and hence
(Ai,t a)isalsoa subspace of (X, 1t l) . Since (X, t) isa-Ti@), (Aj,t i) is also
o- T (i) . Thus we have A ;is homeomorphic image of X ;. Hence ( X;, '), ieAis
a-Ti@).

Similarly, (c) and (d) can be proved.

Theorem 3.16: Let (X , t*) and (Y , s) be ‘two supra fuzzy topological spaces and

f: X —> Y be a one-one , onto and open map, then

(a) (X, 1) is o -T; (i) implies (Y, s') is o- T1 (0)-
(b) (X, t") is o -T) (ii) implies (Y, ") is o= Ta ().
() (X, t") is o -T) (iii) implies (Y, s") is a- T (iii).

(d) (X, t") is Ty (iv) implies (Y, s ) is T1 (iv).

Proof: (a) Let (X, t") be a -T1 (i) - We have to prove that (Y, s is o -Ty (i). Let

y1, v2 € Y with y1 # ¥2. Since f is onto, there exist X1, X2 € X with f (x)) =y, f(x2) = y2

* - - .
and also x; # X as f is one-one. Again since (X, t ) 1s a-Ti(i) , for a € I; , there exist

u,v et suchthatu(x))=1, u(xz) <ovand v(x1) <o v(x2) = 1.

Now, f (u) (y1) = {Sup u(xp) @ fx)=y1}

=1.
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FW (v = {Supu(xa) :fix) =y, }
<a,
and f(v) (y1) = { Sup v(x,) : fx) =y}
<.
f(v) (y2) = {Sup v(x2) :f(xx) =y, }
=1,
Since f is open then £ (u) € 5" as u e t". We observe that there exist f(u), f(v) € s" such that
fu) (y1) =1, f(u) (y2) < o and f(v) (1) < o, f(v) (v2) = 1. Hence by definition, (Y, s) is
a - Ti(i)
(b) Let (X, t‘) be o -T(i1). Then for y, y2 € Y with y; # y» , there exist x; , X2 € X with
f(x1) = y1 , f(x2) = v2 , since fis onto, and also x; # x; as f is one-one. Again, since (X, t')
is a-Ti(@i) , for @ € I, , there exist u, v € t* such that u(x;) = 0, u(xz) > o and v(x;) > a,
v(x2) = 0.
Now, f(u) (y1) = {Sup u(x)) : fx))=y1}
=0.
f(u) (y2) = {Supu(xz) :f(x2)=y2 }
>a,
and f(v) (y)) = { Sup v(x1) : fx) =y }
> L.
£(v) (y2) = {Supv(x2) : f(x2)=y2 }
=0.

Since fis open, then f (u) € ¢ asu e t'. We observe that there exist f{u), f(v) € s such
ince f is open,
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that f(u) (y)) =0, f(u) (¥2) > o and f(v) (y 1) > o, f(v) (y2) =0. Hence by definition, (Y, )
is o - Ty(ii) .

Similarly, (c) and (d) can be proved.

Theorem 3.17: Let (X, t) and (Y, ") be two supra fuzzy topological spaces and

f: X —— Y be continuous and one-one map, then

(@) (Y, s") is a- Ty (i) implies (X, t') is & - T (i).

(b) (Y, s") is a- T (ii) implies l(X, t)is o - Ty (i) .

(¢) (Y, s")is a- T (iii) implies (X, t") is o - Ty(iii).

(@) (Y,s )is Ty(iv) implies ( X, t" ) is Ty(iv) .
Proof: (a) Let (Y, s*) be o - T} (i). We have to prove that (X, t')is o -Ty (). Let x5, x2 € X
with x| # X, then f(x,) # f(x2) in Y, since f is one-one. Also since (Y, s ) is a-T(i), for &
e I, there existu, v € s" such that u( f(x;) ) = 1, u (f(x2) ) < e and v( f(x1) ) < o, v ({(x2))
= 1. This implies that ) (xp) =1, £'(u) (x2) < o and flv) ) <a, ') x)=1,
since u, v € s and f is continuous, then £ ), flv) e t* .Thus there are f "'(u),

£(v) e t' such that £'(w) (x1) =1, ) (x2) < cand £'(V) () S o, £7(V) (2) = 1.

Hence (X, t") is o T (i)

(b) Let (Y, s*) be o - Ty (). Then for X1, X2 € X with X # Xp, we have fix)) = f(xx)inY,

& *
since f is one-one. Also we have, for o € Iy, there exist u, v € s such that u( f(x;) ) =0,

u( f(xz) ) > o and v( f(x) ) > &V ( f(x2) ) = 0. This implies that £ "'(u) (x1) = 0,

£ (1) > o and £71) (x0) > 0 () (x2) = 0ssimee s, vV € " and f is continuous, then

; - . 1 _
£, £'(v) e t. Thus there are f (w), f7'(v) € t such that £7(u) (x)) =0,

f-l(u) (x2) > o and f‘l(v) (xl) >0, f'l(V) (x2) = 0. Hence (X, t‘) is a - T (ii).

Similarly, (c) and (d) can be proved.



CHAPTER 4

T2 Spaces in Supra Fuzzy Topology

4.1 Introduction

Four concepts of T, supra fuzzy topological spaces are introduced and studied in this

chapter. We also establish some relationships among them and study some other properties

of these spaces.
beﬁnition 4.2: Let (X, t) be a fuzzy topological ;space and t* be associated supra
topology with t and o € 1;. Then
(a) (X, t') is an T (i) space if and only if for all distinct elements x , y € X, there exist
U, V€ t" such that u(x)=1=v(y)andunv=0.
(b) (X, t") is an o - T o(ii) space if and only if for all distinct elements x, y € X, there

existu, ve t" such that u(x) = I=v(y) andunv<a.

(c) (X, 1) is an o - T (iii) space if and only if for all distinct elements x , y € X, there

exists u, v e t* such that u(x)> o, v(y)>aandunv= 0.

@ X, t")is an o - Ta(iv) space if and only if for all distinct elements X , y € X, there

exist u, v € t* such that ux)>a, v(y)>a andunv<a.

Lemma 4.3: Suppose (X, t) is a topological space and t" is associated supra topology

with t and o € 1. Then the following implications are hold:

(2) (X, t') is T2 (i) implies (X, ') is ot - T (if) implies (X, t') is & -T2 (iv).

(b) (%, ') is - T (i) implies (X, ) is o~ T (i) implies (% ") is ot -T2 (iv).
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Also, these can be shown in a diagram as follows:

Ta() = a-T, ()

o - T (iv).

T2() = a-T, (i) /

Proof: (a) Suppose (X, t') is T (i). We have to prove that (X, t') is o - T (ii). Let x and
y be any two distinct elerﬁents in X. Since (X, ") is T3 (i), for o € I, then by deﬁnition,
there exists u, v e t such that u(x) =1 = v(y) and u N v =0, which shows that
u(x) =1 = v(y) and u N v < a.. Hence by definition (b), (X, ) is o - T 5(ii). Also, we see
that u(x) > a, v(y) > o and u N v < c.. Hence (X, t") is o - T 2(iv).

(b) Suppose (X, t)is T 2 (i). Then for any x and y be two distinct elements in X, there

exist u, v € t* such that u(x) =1 = v(y) andunv =20, fora € I which shows that

ux) > o, v(y)>aandunv= 0. Hence by definition (c), (X, t") is o - T o(iii) and hence

X, tD) is o - T 2(iv).

The following examples show the non-implications among T2 (i), o - T2 (i), o - T2 (iii)

spaces, i.€.,
(1) a - T (iv) does not imply a - T2 (ii), so not imply T 2 (i).

(2) a - T (iv) does not imply o - T2 (i), 3)a-Ta2 (ii) does not imply a - T2 (iii),

@ o-T> (iii) does not imply o - T2 i), () a-T2 (iii) does not imply T > (i),

(6) o - T (ii) does not imply T2 ()-

Example 4.4: Let X = {x, ¥} and u, v € 1% be defined by u(x) = 0.95, u(y) = 0.43 and
v(x) = 031 v(y) = 0.95. Let the supra fuzzy topology t on X generated by {0, u, v, 1,
Constants}. For a = 0.75, W€ have u(x) = 0.95 > a, v(y) = 0.95 > & and u N v < o. Thus
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according to the definition, (X, t") is o. - T, (iv) but (X, t") is not o - Ty(ii) and (X, t') is not
o - Ta(iii). So, (X, t') is not Ty(i).
Example 4.5: Let X = {x, y} and u, v e I X be defined by u(x) = 1, u(y) = 0.43 and
v(x) =0.43, v(y) = 1. Consider the supra fuzzy topology t" on X generated by {0, u, v, 1,
Constants}. For a. = 0.53, we have, u(x)=1, v(y) =1, and u N v < a. Thus according to
the definition, (X, t*) is a -Ty(ii) but (X, t') is not o -T ,(iii) and (X, t;) is not T2(1).
Example 4.6: Let X = {x, y}andu, v e [ ¥ bé defined by u(x) = 0.85, u(y) = 0 and
v(x) = 0, v(y) = 0.85. Let the supra fuzzy supra topology t on X generated by {0, u, v, 1,
Constants}. For o = 0.53, it can easily show that (X, t‘) is a - T (iii) but (X, t*) is not
o -T;(ii) and (X, t*) is not T (i).
TI:‘leorem 4.7: Suppose that (X, t') is a supra fuzzy topdlogical space and a, B et with
0<a<B<1,then

(@) (X, ") is a - T (ii) implies (X, t')) is B -T2 (id)

(b) (X, t") is P - T (iii) implies (X, t') is o -T(ii).

(©) (X, 1) is 0 — T(iii) if and only if (X, 1) is 0~ Ta(iv).
Proof: (a) Suppose that (X, ) is a supra fuzzy topological space and (X; t') is o - T ().
). Let any two distinct elements x, y € X. Since

We have to show that (X, t') is B- T a(ii

X ) is o - T (i), for o € I;, thereisu, v € t" such that u(x)=1=v(y)andunv<a.

This implies that u(x) = ]=v(y)andunvs B as 0 < a < B < 1. Hence by definition,
X, t)is B - T2 (i)

(b) Suppose that X ) is B - T o(iii). We have to show that (X, t") is a- T(iii). Then, any

two distinct elements x, y € X, there s u,vet suchthatu()>p, v(y)>p and
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un v =0, fora €I, . This implies that u(x) > o, v(y) > candunv=0as 0 <a < p <1,
Hence by definition, (X, t")is o - T, (iii).

(¢) The proofis trivial.

Example 4.8: Let X = {x, y} and u, v € 1* be defined by u(x) = 1, u(y) = 0.62 and
v(x) = 0.82, v(y) = 1. Let the supra fuzzy topology t’ on X generated by {0, u, v, 1,
Constants}. Then by definition, for o =0.31 and B = 0.84; (X, t') is B -T2 (ii) but (X, £)
isnot o -T (ii).
Example 4.9: Let X = {x, y} and u, v € 1% be defined by u(x) = 0, u(y) = 0.72 and
v(x) = 0.88, v(y) = 0. Let the supra fuzzy topology t* on X generated by {0, u, v, 1,
Constants}. Then, by definition, for o = 0.33 and B = 0.85; (X, £ is o -T; (ifi) but (X, t)
is not P -T 5 (iid).
Theorem 4.10: Let (X, T) be a topological space and T" be associated supra topology
with T and o € 1. Suppose that the following statements:

(1) (X, T") be a T, — space.

@) (X, (T))beaTz (i) space.

@) (X, (T") be an a- Tz (ii) space.

@) (X, 0 (T") be an o- Tz(iii) space.

B) Xo (T')) be an - T 2 (iv) space.
Then the followings are true:

(a) (1):>(2)=>(4):>(5):>(1)-

& O=>@=>@= 5)= ).

Proof: Suppose (X T)isa T2 - topological space. We have to prove that (X, ® (T")) is

T () Suppose X and y are two distinct elements in X. Since (X, T") is T -spaces,
2(i) space.
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there are U, V & T" such that xe U,ye Vand UNV = ¢. By the definition of lsc , we
have 1y, 1v € W(T') and ly(x)=1, Iv(y)=1and Iy Ay =0.1f 1y ly 0, then
there exists z € X such that (1ynly) (z)# 0 implies 1y(z) # 0, 1v(z) # 0 implies z € U,
z eV implies z € UNV = UnV # ¢, a contradiction. So that 1y n 1y = 0, and
consequently (X, @ (T")) is T2 (i). Also, we see that (X, ® (T*)) is ot - T (ii).
Further, it is easy to show that (2) = (4), (3) = (4) and (4) = (5). We therefore prove
that (5) = (1). |
Now, suppose (X, 0 (T") be a T »(iv) - space. We have to prove that (X, T") is T, — space.
Let x, y € X with x # y. Since (X, @ (T')) is T, (iv), for a € I, there are u, ve @ (T
such that u(x) >a, v(y) > and u N v < o.. We have that u Mo, 1]and v o, 1] € T,
ael;andxeu(a,1], ye via, 1] Moreover e, 11m vi(a,1]1=¢.Forifzeu
"(oa , 11N v "(a , 1], then z € u"(a , 11, ze v'l(oc , 1] implies u(z) >a and v(z) >a
implies (u N v)(z) > o, a contradiction as (un v)(z) < a.. Therefore (X, T") is T — space.
Thus it is seen that a — T> (p) is a good extension of its topological counter
part (p =1, ii, iii, iv).
Theorem 4.11: Let (X, t) be a supra fuzzy topological space, @ € I | and
I, ()= f{u"(a,1]: uet}. Then

(@) (%, t') is an o -T oii)-space implies (X, I, (t))is T2 -space.
-T ,(iii)-space implies X, Ia (t')) is Tz -space.

(b) (X, t)isana

(©) (X, t") is an o -To(iv)-space if and only if (X, Ia (t) ) is T2 -space

Proof: (a) Let (X t") be a supra fuzzy topological space and (X, ") be a - T(ii). Suppose
roof: ,

Since (X, t') is o -T (i), for & & I, there exist

x and y be any two distinct elements in X.
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u, v e t such that ux)=1,v(y)=1and u N v < q. But for every € I, u”'(a, 1],
via,l]e Io(t) and ye v! (o,1],xeu(a,1]andu™(a,1]Av(a,1]=das
unv<o. Wehavethat (X,1,(t))isT,— space.

(b) Let (X, t*) be & - T o(iii). Then for any x and y be two distinct elements in X, there
existu, v € t” such that u(x) > a, v(y)> o andu nv =0, for a e I;. But for every o € Ij,

ul(a,1] v

(a,1] el t)ad ye vi(a,1],xeu(a,1]and
u'l(oc, 1] mv;l(a, 1]=¢asunv=0. We have that (X, Ia(t‘) )is Tz — space.

(¢) Suppose (X, t*) is o -T »(iv)- space . We have to prove that (X, I o (t") ) is T2 -space.
Suppose x and y are two distinct elements in X. Since (X, t) is & -T 2(iv)- space, for
o e I, there are u, v e t such that u(x) > o, v(y) > o and u N v < a.. But for every
a e, u"(a,l],‘ vi(a,1] eIu(t').So we havex eu(a, 1], ﬁfev'l(on,l]
and ul(a,1] Avi(oa,1] =¢,asunv<a. Hence it is clear that (X, Lo (t))is
T, — space.

Conversely, suppose that (X, I «(t) ) is T, — space. Let x, y € X with x # y. Since
X, [o(t))is Tyspace, there are U,V € I ot),such that x e U,y e Vand
UNnV=¢.Agansince U,V € To(t),soweget u,ve t suchthat U=u'(a, 1],
v = v!(a,1]. Thisimplies that u(x)>a, v(y)> o and ul(a,1]1nvi(a,1]=¢

= (uﬁV)'l(a, 1]1=9¢,ie,unvsa.So,we see that (X, t) is o -T2 (iv).

This completes the proof.

Example 4.12: Suppose that X={x, y} and u, v € t" defined by u(x) = 0.82, u(y) = 0.21,

v(x) = 0.31 and v(y) = 0.74. Suppose the supra fuzzy topology t" on X generated by

{0, u, v, 1 Constants}. Then by definition, for o = 0.53, (X, £') is not o -T ; (ii). Now
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Ta(t) = {X. ¢, {x}, {y}}. Then we can easily show that I ,(t") is a topology on X and
(X, 1o (1)) is T, space.
Similarly, we can easily prove that (X, t) is o -T o(iii)-space implies (X, I o(t) ) is

T, -space.

Theorem 4.13: Let (X, t) be a supra fuzzy topological space, A < X, and
t'A={u/A :ue t'}, then

(a) (X,t)is T (i) implies (A, t 4 ) is T2 (i).

(b) (X, t") is o - T (ii) implies (A, t' 4 ) is o - T (ii).

() (X, t")is o - T (iii) implies (A, t'a ) is o - T (iii).

(@) (X, t') is a=T (iv) implies (A, t A ) is a=Ts (iv).
Proof: (a) Suppose that (X, t") be a supra fuzzy topological space and (X, t") is T (i)
space. Let x,y € A with x #y, so that 5(, y € X, as A ¢ X. Since (X, ) is T2 (i) , for
o € I;, there existu, v e t* such that u(x) = 1=v(y) and unv=0.For Ac X, we
haveu/A,v/A e t' 4 and (u/A)x)=1= (v/A)y) and WA n v/A =0. Hence by
definition, (A, t a) is T20D).
(b) Suppose that (X, t*) be a supra fuzzy topological space and (X, t") is o - T o(ii)-space.
Awithx#y,sothatx,y € X,as AcX. Since (X, t) is a - T (ii) , for o € I,

Letx,y €

there exist u, v € t such that u(x)=1=v(y) and unv<a.For Ac X, we have u/ A,

v/Actaand (u/A))=1= (v/A)y) and WA VA< a. Hence by definition,

(A, t7a) isa-Tai).

(¢) Suppose that (%, t) is o - T o(iii)-space. Then for x, y € A with x 2y , so that

x,yeXas Ac X and forael, there exist u, v € t such that u(x)>a , v(y) > o
’ > -
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and uNnv=0 For Ac X, we haveu/A,v/Aet o and (u/ A)X) > o,
(v/AXy) > cand WA N v/A =0. Hence by definition, (A, t*4) is o -T a(iii).
(d) Suppose that (X, t") be a supra fuzzy topological space and (X, t*) is a - T 2(iv)-space.
Letx,y € Awithx #y,sothatx,y € X, as A c X. Since (X, t") is & - T (iii), for a € I,
there exist u, v € t such that u(x) > o, v(iyy>oandunv<a. For Ac X, we have
u/A,v/iAet o and (u/A)X>a, (v/A)y) > aand WA N v/A < o. Hence by
deﬁnitibn, (A, £ A) 1s o -T »(iv). |
Theorem 4.14: Suppose that (X i, t ;), i € A be supra fuzzy topological spaces and
X =TIl s Xiand t be the product supra fuzzy topology on X , then

(a) Vie A, (X, t';)is To(i) if and only if (X, t7) is T (Q).

(b) Vie A, (Xi,t' 1) is o-Taii) if and only if (X, ") is a- T (ii)-

(c) Vie A, (Xi,t )is a-Taiii) if and only if (X, t') is o - T (iii).

(d) Vie A, (X, t';)is o - Ta(iv) if and only if (X, t)is o - T (iv).
Proof: (b) Suppose Vi € A, (Xi, t' ) bean o -To(ii). Let x,y be two distinct points
in X=TII;ca X, then there existan X;#Yyi in X; . Thus, for a € I}, there exist u;,
v; € t; such that ui(x;) = 1 = vi(ys) and ui "N v; < 0. But we have m(x) =xi, T(y) =VYi,
then ui(mi(x)) = 1= vi(mi(y)) and (Wi N v)om<a. Hence (uiom) X =1=(viom)(y)
and (uiom)ﬂ(ViOEi)Sa- Put u=uyom, v=vioni,thenu,vet* with
y=1=v(y) and unvsa. Hence by definition, (X, t) is o - T2 (i) .

u(x

Conversely, suppose that (X, t") is o - T2 (ii). For some i € A, let a; be a fixed element in

X; . Suppose that Ai = {x € X =TI;caX; :xj=ajfor some 1= }. Then A; is a subsets
i

of X and therefore (Ai,t *ai) is asubspace of (X, t"). Since (X, t') is a - T> (ii) space.
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Then, we have also (A;, t "s; ) is o - Ta(ii) space. Furthermore, A; is homeomorphic image
of X; . Hence, by definition, we have (Xi, t ;) is o -T5(ii) space.

(c) Suppose ¥ i € A(Xi,t ;) bean o -To(iii). Letx, y be two distinct points in
X =TILieaXi , then there exist an x; # y; in X; . Since (X; , t') is an a-Ta(iii), for o € I,
there exist uj , v; € t ; such that wi(xi) > o, vi(y)) > o and y N v; =0. But we have
Ti(x) = Xi, m(y) =yi, then ui(ni(x)) > a, vi(m(y)) > e and (w N v;) o © =0. Hence
(u;om)(x)>0t,(viong)(3‘f)>ocand(uiom)m(vioni)=0. Put u=u;o;m,
v=viom,thenu,vet with ux)>a,v(y)>aandun v=0. Hence, we have (X, t) is
o - T (iii).

Conversely, suppose that (X, t") is & - Ta (iii). For some i € A, let a; be a fixed element in
Xi. Suppose that Ai={x € X=1II;¢ AlXi : x;=a; for some i#j }. Then A; is a subsets
of X and therefore (A; ,t*Aj) is a subspace of (X, t*). Since (X, t*) is a - T3 (iii) space.
Then, we have also (A;, t "ai) is o - Ta(iii) space. Furthermore, A; is homeomorphic image
of X;. Hence by definition, we have (Xi, t *)) is a -T (iii) space.

(d) Suppose Vi € A,(Xi,t i) bean o-Ta(iv). Let x,y be two distinct points in
X =1II;c A Xi, then there existan X;#Yy; in X; . Since ( X, t* ) is an a-T(iv), for
@ el,du,viet ;suchthat u(x) > o, vi(yi) > @ and ui N Vi < o But we have
m(x) =%, T(y) =Yi, then ui(mi(x)) > o, vi(mi(y)) > o and (ui M vi) o m; < . Hence
(uiom)(x)>a,(Vi07fi)(Y)>°L and (yjomi)N(viom)<a. Put u=uyom,
with u(x) > o, v(y)>a and un v < o . Hence we have

»
v=viom,thenu,vet

X, t) is a - T2 (iv)-
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Conversely, suppose that (X, t") is o - T, (iv). For some i € A, let a; be a fixed element in
;. Suppose that Ai = {x € X =IT; . X; :Xj=a; for some i#]j}. Then A; is a subsets
of X and therefore (A;,t"y) is a subspace of (X ,t) . Since (X, t') is & - T2 (iv)
space. Then, we have also (Aj, t "o ) is o - Ty(iv) space. Furthermore, A; is
homeomorphic image of X;. Hence by definition, we have (X, t *i ) is o -Ta(iv) space.
Similarly, (a) can be proved.
fheorem 4.15: Let (X, t) and (Y, s*) be two supfa fuzzy topological spaces and
f: X —— Y be a one-one, onto and open map, then

(a) (X, t)is To (i) implies (Y, s°) is T2 (i).

(b) (X, t) is a -Ty (ii) implies (Y, s*) is a- T (ii).

(c) (X, t") is o -Ty (iii) implies (Y, s*) is o~ T (iii).

(d) X, t) is & -Ty (iv) implies (Y, s7) is o -T2 (iv).
Proof: (b) Let (X, t") be o -Ty (ii). We have to prove that (Y, s ) is o -Toii). Let
y1, y2 € Y with y; # y. Since f is onto, there exist x1, x2 € X with f(x1) = y1, f(x2) = y2
and also x| # x; as f is one-one. Again since ( X , t" ) is a-Ta(i) , for o € [ , there exist
u,v et suchthatu(x;)=1=v(x)and unvsa.

Now, f(u) (y)) = { Supu(xi) : fx)=y1}
=1
f(v) (y2) = { Supv(xz) : fx2)=y2 }
=1

and f(unv) )= {Sp@AV) ) )=y

f(unv) () =1 Sup(unv)(x) : fx)=y2 }

Hence funv)so = fwynfv)sa.
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Since £ is open then f(u), f(v) € 5" asu, v e t'. We observe that there exist f(u), f(v) € "
such that f{u) (y1)=1, f(v) (2) =1 and f(u) " f(v) < o . Hence by definition, (Y, s°) is
a - Ta(ii) .
() Let (X, t*) be o -Ta(iii) . Then for y), y; € Y with Y1 # V2 , there exist x;, x2 € X with
f(x1) = y1, f(x2) = y2 , since f is onto, and also x; # x, as f is one-one. Again, since (X, t')
is a-To(iii) , for a € I, there exist u, v € t" such that u(x;) > o, v(x;)> o and u N v =0.
Now, f(w) (y1)={ Supu(x) : fx))=y1 }

>

f(v) (y2)={Supv(x2) : f(x)=y2}

>a

and f(unv)y)={Suwp@unv)x) :fx)=y }
f(unv) () ={Sup(unv)(x) : fx)=y2}
Hence f(unv)=0 = fluynf{v)=0.
Since f is open then f(u), f{v) € s asu, vet .We observe that there exist f{u), f(v) € s’
such that f(u) (y;) > @, f{v) (v2) > and f(u) N f(v) = 0 . Hence by definition, (Y, s') is
o - To(iii) .
Similarly, (a) and (d) can be proved.

Theorem 4.16: Let (X, t)and (Y, s’) be two supra fuzzy topological spaces and

f: X —— Y be continuous and one-one map, then

(@) (Y, s")is T2 (i) implies (X, t"y is T2 ()-
(b) (Y,s’)is a- Tz (ii) implies X, t) is & - Ta (D).
(©) (Y, s") is o Ta(iii) implies (X, t") is o - Taiid).

@) (Y,s)isa-T2(iv) implies (X , 1) is & Ta(iv).
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Proof: (b) Let (Y, s") be o - To(ii). Let xy, x3 € X with x; # xp, then f{x;) # f(x) in Y,
since fis one-one. Also since (Y, s") is a-Ta(ii), for & € I, there existu, v € s such that
u( f(x1) ) = 1 =v(f(x2) ) and u N v < 0. This implies that £(u) (x;) = 1, £(v) (xz) = 1
and f-l(u NVv)<a,ie., f"l(u) N f'l(V) <a,sinceu,v e s and fis continuous then £™'(u),
f'l(v) et .Now it is clear that there exist f'l(u) v e t' such that f'(u) (x;)) =1,
£7'(v) (x2) =1 and £ (u) N (v) <@ . Hence (X, t") is o -T5 ().

(c) Let (Y, s*) be o - T; (iii) . Then for x;, x; € X with x; # X3, f(x]) # f(x2) in Y, since f'is
one-one. Also since (Y, s‘) is o-Ty(iii), for o € I, there exist u, v € s’ such that
u( f(x1)) > a, v(f(x)) > o and u N v = 0. This implies that f T ) > a,
f1v) (x2) > aand f'unv)=0,ie, £1w) N f(v) =0, since u, v € s and f is continuous
tﬁen f'l(u), f'l(v) e t'. Thus there exist £ ~(u), f"(vj e t such that £ l(u) (x1) > o,
£1(¥) (x2) > v and £7(u) A £7(v) = 0. Henee (X, t') is o -T2 (iii).

Similarly, (a) and (d) can be proved.



CHAPTER 5

Regular Spaces in Supra Fuzzy Topology

5.1 Introduction

We introduce and study supra fuzzy regular spaces and we establish some relationships

among them in this chapter. We also study some other properties of these concepts and

obtain their several features.
Definition 5.2: Let (X, t) be a fuzzy topological space and t* be associated supra topology
with t and o € I;. Then | |
(a) (X, t") is an o - SFR (i) space if and only if for all w € (t ")° with w(x) < 1,
V xe X, there existu, v € t such thatu)=1,v(y)=1,y e w {1} andunv < c.
(b) (X, t') is an o -SFR(ii) space if and only if for all w e (t "¢ with w(x) <1, Vx
e X, there existu, v € t such thatu(x)>a,v(y)=1,y € wl{l}andunv<a.
© (X, t" )isan o -SFR(iii) space if and only if for all w € (t "¢ with w(x)=0, V x
e X, there existu, v € t' such thatu(x)=1,v(y)=1,y € wl{l}andunv<a.
(d) (X, t') is an o -SFR(iv) space if and only if forall w e (t )° with w(x) =0, V¥ x
e X, there existu, v € t" suchthatu(x)>a,v(y)=1,y € wHl},unv<a.
Theorem 5.3: Let (X, t) be a fuzzy topological space and t" be associated supra topology

with t. Then the following implications are true:

@ (X" is oo~ SFRG) implies (X, ') is - SFRG implies (X, is o - SFR(v).

(b) (X ,t ) is o - SFR() implies (X, t") is o - SFR(iii) implies ( X, t")is o - SFR(iv).
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Also, these can be shown in a diagram as follows:

/ o - FR(ii) \

o - FR(i) o -FR(iv).

o - FR(ii) /

Proof: First, suppose that (X, t) is a - SFR (). We have to prove that (X, t) is
o - SFR(ii). Let w e (1) with w(x)<1,x e X. Since (X,t )is a -SFR() , for o € I,
there exist u,v e t such that ux)=1,v(y)=1,y e w'{1} and un v<a. Now, we
see that ux) > a, v(y) =1,y e w '1{1} and u N v < a. Hence by definition (X, t) is
o -SFR (ii).
Suppose that (X, t*) is o - SFR (ii). Let w e (t*) ®with w(x)<1,x € X, then fora € I},
there exist u,v € t" such that u(x)>1,v(y)=1,y € w{1} and un v <a. Now, we
see that u(x) > a, v(y) = 1,y € w 141} and u N v < o Hence by definition (X, t) is
o -SFR (iv).
In the same way, we can prove that

(X, )is o - SFR() = (X, t') is o - SFR(ii) .

(X, ¢ )is o - SFRi) = (X, 1) is o - SFR(I) .

Now, we give some examples to show the non implication among o~ SFR (i), a - SFR (ii),

o- SFR (iii) and o - SFR (iv).

Example 5.4: Let X={x,y}and u,Ve [* are defined by u(x)=0.9, u(y)=0,

v(x) = 0.5 and v(y) = 1. Consider the supra fuzzy topology t" on X generated by {0, u, v,

1, constants}. Then for w = 1 —uand a = 0.7, we see that ( X, £ ) is o -SFR(ii) but

(X, t") is not a-SFR(1) -
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E le 5.5: =
xample 5.5: Let X {X,y}andu,veIX are defined by u(x) = 0.2, u(y) = 0.3,

v(x) = 0.3, v(y) = 0.2. Consider the supra fuzzy topology t* on X generated by {0, u, v,
1, Constants}. Then for w=1—u and o = 0.5, we see that (X,t")is o- SFRiii) and
X, t ) is o -SFR(iv), but (X, t° ) is not a - SFR(ii) as they do not existany u, v € t
such that u(x)>a,v(y)=1,ye w'{1} andunvsa.
Example 5.6: Let X={x,y}and u,v,weI* aredefined by u(x)=0.9,u(y)=0,
v(x) =05, v(y)=1,w(x) =1, w(y)=0. Consider the supra fuzzy topology t" on X
generated by {0,u,v,w, 1, Constants }. Then fora =0.6and p=1-w, it is seen
that (X, t*)is o - SFR(iv) but (X ,t ) isnot o - SFR(iii).
This completes the proof.
Theorem 5.7: If o, p et with0 < o < B <1, then

(a) (X,t")is o -SFR(i) implies (X ,t ) is B - SFR() .

(b) (X, t") is o - SFR(iii) implies (X, t" ) is B - SFR(ii).
Proof: Suppose that (X, t') is & - SFR (i). We have to prove that (X, t") is B - SFR (i). Let
W € (t*) ° and x € X with w(x) < 1. Since (X, t') is o - SFR(i) , for o € I , there exist
u, v et suchthat ux)=1,v(y) =1,y¢€ w'{1} and u n v < a . Since o < B, then
un v <. So it is observed that (X, t')is B - SFR (i).

X _ _
Example 5.8: Let X={x,y} and u,vel® are defined by u(x)=1, u(y) =0,

v(x) = 0.7, v(y) = 1. Consider the supra fuzzy topology t" on X generated by {0, u,

v.1. constants }. Then forw=1-1u, a =075, = 0.6. We sce that (X, t" ) is

B - SFR(i) but (X, t*) is not a - SFR() -

In the same way, we can prove that

(X.1') is o~ SER(i) implies (X, t ) is B - SFR(ii).
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Th : *
eorem 5.9: Let (X, t) be a supra fuzzy topological space and

It ={u! ; p o 3
t)={u’(a,l] cuet }, then (X, t)is 0— SFR (i) implies (X, () ) is
Regular.

Proof: Suppose (X, t") be a 0 —SFR (i). We have to prove that (X, Ip(t") ) is Regular. Let V
be a closed set in Ip(t") and x e X such that x¢ V. Then V© e Io(t) andx € V° So, by
the definition of Iy(t"), there exists an u e t* such that V¢ = ul(0,1],ie.,u(x)>0.
Since ue t', then u © is closed supra fuzzy set in t* and u °(x) < 1. Since ( X , t) is

0 —SFR(i), there exist v, w et such that v(x)=1, w21 vnw=0.

(T

(a) Since v,wet then v'(0,1],w'(0,1] el(t)and x e v(0,1]
. 4] 1

(b) Since w21, then (0,112 {0 J'(0,11.

(¢) And vmw=0,mean(vmw)'1(0,1]=v'1(0,1]mw'1(0,1]=¢.

Now, we have

(()[IJ(O 1]={x: (")_.m(x)e(() 1] }

={x : a®=11}

()

1

{x: xe (u){1}}

= {x: u@=1}
= {x: uX =0}
= {x: xegV°}
- {x: xeV}
= V.

T=w’ W, W' 2V and
put W=vl(0,1] and W =w7(0, 1] then x¢ >V &

W AW " =¢ . Hence it is clear that (X, Io(t") ) is Regular.
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Theorem 5.10: Let (X, t') be g supra fuzzy topological space A < X, and

ta={WA :uet =
A={ €t },then 1((%1)c)_,m(x)-( l(",)_,m/A)(x).

Proof: Let w be a closed supra fuzzy set in t'a,ie, wet o°,then WA =w"®, where

*

uet .

Now, we have

e (=10 T e @AY 0
GO o xe @y

) {0 if xe{y: (/4 ()=1}
L if xe{y:@/4°(0)=1}

_[o i @raye<
Ui @wayre=1

0 if w(x)<1
1 i wx)=1

0 if xe@)'{}

Again, 1 (%) {1 if xe@) {1}

xe{y:u'(y)=1}

<

{0 if xg{y:u'(y)=1}
0 if u’(x) <1
1 if u(x)=1

0 if /<]
Now, (L,eyy /D) 1 if * P =1

i W) (<1
1f @@=l
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_ {0 i wx)<l
1 if w(x)=1

Hence it is cl =
ear that 1((%)5)_, i (x) = (1(1:‘)"(1} 1 A)(x).

Theorem 5.11: Let (X, t') be a supra fuzzy topological space and A < X and

T e {u/A :uet }, then

(2) (X, ") is o -SFR (i) implies (A, ' ») is o - SFR (i).

(b) (X, t) is o -SFR (ii) implies (A, t* o) is o - SFR (ii).

(c) (X, t‘) is o -SFR (iii) implies (A, t” 4) is & - SFR (iii).

(d) (X ,t")is o -SFR(iv) implies (A ,t" 4 )is @ - SFR(iv) .
Proof: Let (X, t*) be a - SFR (i) . We have to prove that (A, t" o) is @ -SFR (i). Let w be
aclosed fuzzy set in t 4, and x' € A such that w(x') < 1. This implies that w® e t A
and wCx’) > 0. So there exists an u € t" such that u /A = w° and clearly u ® is closed in t’
and u(x") = (u /A) (x") = w(x") <1, i.e., u“(x") < 1. Since (X, t) is & -SFR (i), for o € I,

» & * " * *
there exist v, v.e t such that v(x ) =1, v 2 l(m)-lm andvnv <a.Since v,v €t,

then VA . V/A € t aand VAG) =1, VA 2 (1, /A) and VA O VA

=(vmv*)/ASOL.

then v/A21, Hence it is clear that (A, t )

= =1_ . .
But 1(:1‘}"{11/A 1((%;)%"{” w1} gt

is o - SFR (i)
The proofs of (b), (¢) and (d) are similar.
Theorem 5.12: Let (X, T) be a topological space and T" be associated supra topology

with T. Consider the following statements:

1) (X, T") is a Regular space.
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2) (X, @ (T")is a-SFR ().
3) (X, (T")is o -SER (i),
4) (X, 0 (T") is o -SFR ().
5) (X, (T") is o -SFR (iv).
Then the following are true:
~ (a) (1) implies (2) implies (3) implies (5) implies (1),
~ (b) (1) implies (2) implies (4) implies (5) implies (1).
Proof: First, suppose that (X, T") be regular space. We shall prove that (X, @ (T) is
a -SFR (i). Let w be a closed supra fuzzy set in ® (T") and x € X such that w(x) < 1, then
w® ew (T") and w°(x) > 0. Now we have (w%)'(0,11eT , xe (W' (0,1]. Also
it is clear that [(w%'(0,111° = w{1} be a closed in T and x ¢ w™'{1}. Since
(X, T") is Regular , then there exist V, V' e Tsuchthat x e V, V' 2 w'{1} and

V V' = ¢ . But by the definition of lower semi continuous functions 1v ,1y. € (T") and

1V(X) =1 ] 1V‘ o1 Ay 1V M lvt = 1VﬁV'= 0. Putu= lv and v =1V‘ 5 then’ we have

ux)=1,v2 1., andunv<a. Hence X, © (T") is o - SFR (D).
We can ecasily be shown that (2) implies (3), (3) implies (5), (2) implies (4),

(4) implies (5).

We therefore prove that (5) implies (1)

Let (X, @ (T")) be a - SFR (iv). Let x € X and V be a closed set in T', such that x & V.

This implies that V © € T and x €V °. But from the definition of W(T), 1. € w(T),

and (1,.)°= Iv closed in @(T") and 1v(x) = 0. Since (X, ® (T))is o - SFR (iv), for

: i >a,vx1l . =lyandunv<a.
a e I , there exist u,V € w (T) such that u(x) L
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Sinceu,v e w(T‘),thenu"(oc, 1L,via,1 JeT andx eu?(a,1]. Sincev=ly,
then v'(a, 1 I2(1v) " (a,1 1=V, and unv<a implies (unv)(a,1]
=ul(a,1]nvi(a,l 1= ¢. Then by definition, (X, T") is Regular space.

Thus it is seen that o - SFR (p) is a good extension of its topological counter
part (p=1i,ii,iii, iv).
Theorem 5.13: Let (X, t*) and (Y, s*) be two supra fuzzy topological spaces and

f: X —— Y be continuous , one-one , onto and open map, then

(a) (X,t)is o - SFR (i) implies (Y, s") is o - SFR (i).

(b) (X, t*) is o - SFR (ii) implies (Y, s") is o - SFR (ii).

() (X, 1) is o - SFR (iii) implies (Y, s ) is c - SFR (iii).

(d) (X, t') is a - SFR (iv) implies (Y, s") is & - SFR (iv).
Proof: Suppose (X, t") be a - SFR (i). For w € (s)°and p € Y such that w (p) < 1,
£-l(w) e (t) ¢ as f is continuous and x € X such that f{x) = p as f is one-one and onto.
Hence f'l(w) x)=w{x)=wp <Ll Since (X, t*) iso - SFR (i), for a € I; , then there
existu,v et suchthat ux)=1,v(y)=1,ye {f'w)} {1} andunv<a This
implies that

f(u)(p)={ Suwpu(® :fx)=p} =L
and f(v)f(y) = {Supv(y)}=1as f(f Wcw = fy)e w1}

andf(unv)<aasunvso = fuynfv)<a.
Now. it is clear that for every f(u) , f(v) € s’ such that flu) x) =1, f(v) (fy)) =1,

f(y) e w{1} and f(u) N f(v) < oo . Hence (Y,s')is o - SFR (D).

Similarly (b), (c) and (d) can be proved.
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Theorem 5.14: Let (X, t') and (Y, s") be two supra fuzzy topological spaces and
f: X —— Y be a continuous, one-one, onto and closed map then,

() (Y, ') is & - SFR (i) implies (X, ') is o - SFR (i).

(b) (Y,s")is o - SFR (ii) implies (X, t') is & - SFR (ii).

(©) (Y, s")is o - SFR (iii) implies (X, t') is & - SFR ().

(d) (Y, s*) is a - SFR (iv) implies (X, t') is a - SFR (iv).
Proof: Suppose (Y, s) be o - SFR (i). For w € (t'l) ®and x € X with w(x) <1, then
filw) e (s*) ¢ as fis closed and we find p € Y such that f(x) = p as f is one-one. Now we
have f (w) (p) = {Sup w(x) :f(x)=p} <1. Since (Y, s') is a - SFR (i), for o € I; , then
there exist u,v e s suchthatu(fx))=1,v(y)=1,y € ( fw) {1} and uNnv<a.
This‘implies that (), £7'(v) € t* as f is continuous and u , v € s . Now f (u) (%)
() = u () = 1 and £9) (@ = v (£@) = v6) = Las {@) = 3. y < (Fw) 1),
ie., f(p) e(f(w) {1} =qe wl{1} and £ NIV = flunv)< aasunvsa.
Now we observe that 3 f7'(u), £ '(v) € t such that flw ®=1L1"w @ =1,
q e w{1}and f'(w) N f7(v) < o Hence (X, t') is o -SFR (i).

Similarly, (b), (c) and (d) can be proved.
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Normal Spaces in Supra Fuzzy Topology

6. 1 Introduction

In this chapter, we introduce and study normal property in supra fuzzy topological spaces

and obtain their several features.

Definition 6.2: Let (X, t') be a supra fuzzy topological space and o € 1. Then

(a) (X, t') is o - SFN() space if and only if for all w, w' € ()¢ with w N w < a,
there exist u, u’ €t such that u(x) = 1, for all x € w 11y, u'(y) = 1, for all

yew {1} and unu'=0.

(b) (X, t") is & - SFN (ii) space if and only if for all w, w e ) withwnw =0,
there exist u, u et suchthat u(x)=1,forall x e w 1113, u'(y) = 1, for all

y € W*"[{l} and unu <a.
() (X ,t) isa a - SFN(ii) space if and only if for all w, w' &( £ ¢ with
wNnw <a, there exist U, u', et such that u(x) =1 for all x € w 1y,

u(y)=1,forall y ew {1} and unu <a.

Theorem 6.3: The following implications are true:
(@) (X, 1) is 0 - SFN (i) if and only if (X, 1) is 0 - SFN (i)

(b) (X, t') is 0 - SFN (i) if and only if (X, t') is 0 -SFN (ii).

Proof: Suppose (X t") be o -SFN (i). We have to show that (X, t') is 0 -SFN (ii). Let

w,w' e (t)°with wn w = 0. This implies that w N w' <0. Since (X, t') is 0 - SFN(),
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S Sey=1,

* | .
¥ye v {1} and unu =0 .Then we can write it as unu" < 0 . Hence by definition,

(X, t") is o - SFN (ii).

Conversely, suppose that (X, t') is 0 - SFN (ii). We have to prove that (X, t') is - FN (D).
Let w,w € (t')° withww’ <0, Le., w W = 0. Since (X, ") is 0 —FN(ii) , there exist
‘wu € t such that K =1,Vxew {1}, u(¥)=1,Vye w Land un u'< 0,
i.e,unu =0.Hence by definition, (X, t') is 0 — SFN (i).

Next, suppose that (X, t*) is 0 — SFN (ii). We have to prove that (X, t") is 0 — SFN (iii).
Let w, W € (t*) *with w w’ <0, ie,wnw =0. Since (X, t") is 0 — SFN (ii), there
exist u, u et suchthatux)=1,Vx e w1}, u'(y)=1, Vye w {1} andun u <0.
Hence by definition, (X, t') is o-SFN (jii).

Conversely, suppose that (X, t") is 0 —SFN (iii). We have to prove that (X, t) is
0 — SFN (ii). Let w, w" e (t)° with w N w =0, ie,wn W <0. Since (X, t) is
0 — SFN (iii), there exist u, W et suchthatux) =1, Vxew Ty ') =1,
Vy e w {1} and unu’ < 0. Hence by definition (X, t") is a-SFN (ii).

Theorem 6.4: Let (X, t') be a supra topological space and o, B € twith0<a<B<l,

then
(2) (X, t") is B - SFN (i) implies (X, 1) is o - SEN (D).

(b) (X, t") is a - SFN (ii) implies (X, t") is B - SFN (ii).
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Proof: First, suppose that (X, t") is § - SFN (i). We have to prove that (X, ") is & -SFN (i).
Let w, w' e (t)"with w nw'< . Since 0 < < < 1, then w ~ w" < B. Since (X, t') is
B - SEN(), for B € I;, thereexist u,u’ et* such that uX)=1,Vxew'{l}, u'(y=1,

*_] *
Vyew {1} andunu =0.Thus by definition, (X, t") is a & - SFN (i).

Next, suppose that (X, t') is & - SFN (ii) . We have to prove that (X, t') is p - SFN (ii). Let
w, w' € (t)° with WIF\W‘ = 0. Since (X,t")is o -SFN(ii) , there exist u ,_u* et such
thatu(x)=1,x e w {1} ,u'(») =1,y e w {1} and unu <o. Since 0 < o < B <1,

thenuu’ < B. Then we have (X, t") is B - SFN (ii).

Theorem 6.5: Let (X, t) be a supra fuzzy topological space, and
1ot ={u'(a,1] :uet }, then (X,t)is 0— SFN(ii) space implies (X, Lo(t) ) is

Normal space.

Proof: Suppose that (X, t*) be a o - FN (iii) space. We have to prove that (X, Ip (t)) is
Normal space. Let V, V" be closed set in Ip (t), and V 1 V" =¢. Then V% V' ® e Io(t") and
(VAV) = VeuV =X, Since V°, V'°¢ Io(t") , then there exist u,u’ €t such
that V¢= u’(0,1] and V'°= u'"(0, 1]and w0, 1Juu"(0,1] =vVeu Ve =X
Hence (u v u') "(0, 1] =X. Now we findu®, u° e( t*)c such that ((u v u‘) <l 0, 1])°

= ¢ . This implies that (u U u)=u’n u=0.Since (X ,t")is 0 - SFN(iii), there exist

v, v et suchthat v l(ﬂﬁ)_, w Y > 1((".)5)_1{1} , v v = 0.But from the definition of
L), v, 11, v (0, 1] € Io(t), and we get v 10, 11214 (0511, v 70, 1

(0,11, (vnv')"(0,1]=c]).Put W=v'1(0,1],W'= V*"I(O,l]in

U

1((!!')“)'l {n
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Io(t ) . Then finally we find, W 5V, W 2 V' and W ~ W' = ¢. Hence by definition,

(X, Ip(t")) is Normal space.

Theorem 6.6: Suppose (X, T") be supra topological space, then consider the following

statements:

(a) (X, T") be a Normal space

(b) (X, @ (T")) be o - SFN (i) space.

(©) (X, o (T")) be - SEN (ii) space.

(d) X, ® (T") be & - SFN (iii) space.
Then (a) implies (b); (b) implies (¢) and (¢) = (a).
Proof: First suppose that (X, T") be a Normal space. We have to prove that (X, w (T*)) be
o - SFN (i) space. Let w, w" be closed in w (T") and w N W' < a.. Then we have
wo W ®ew(T)and (Wn w)¢>1-a>0 Butfrom the definition of w(T"),
W) 10,1],W 70,11 e T . Now we see that ((wnw)9)" (0,1]=X,and
we also see that ((w9)™(0,1])°=w'{I}and ((w (0, 1]D°=(w)"{1} be
closed in T Now (((wnw)9(0,11)°=(wnw) {1} =w'{1) Aw {1} =0.
Since ( X , t ) is supra fuzzy Normal , then there exist V , V' e T" such that

Vowl{l}, V' o w1} and V A V' = ¢ . But from the definition of W(T"), 1v, 1,.

e wT), 1y 1w-'u; , 1.2 l(w-r‘m and 1, .=0.Hence (X, w (T)) is a. -SFN (i) space.

We can easily show that (b) = (c) = (d).
We, therefore, prove that (d)= (a).
Suppose (X, w (T")) is o - SFN (iii). We have to prove that (X, T") is Normal space. Let

V, V' e (T") and V " V= ¢. Then we have ly, 1. beclosed inw (T and 1, . =0.
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Since (X, w (T")) is o - SFN (iii), then there exist u, u" € w (T") such that u > lv, u' > L.
and u N u < a. But from the definition of W(T) ,u™ (o, 1] ,u (o, 1]€ T' an

u-l(a,l]Q(lv)'l(a,l]=V, U‘“I(G,I]Q(lv.)—](a,l]=V* and u-l(a’l]

AU (a,1]1= (unu) (o, 1]=¢. Hence by definition, (X, T")is Normal space.
Thus it is seen that o - SFN (p) is a good extension of its topological counter

part. (p = i,' ii, 1i1).

Theorem6.7: Let ( X, t ) and (Y, s ) be two supra fuzzy t-opological spaces and

f: X —— Y be a continuous , one-one , onto and open map then,

(2) (X,t")is o -SFN (i) implies (Y, s")is a - SEN().

(b) (X, t is & -SFN (ii) implies (¥, s') is o - SFN (ii).

() (X,t)is ‘(x _SFN(iii) implies (Y ,s)is o - SEN(ii).
Proof: Suppose (X, t*) be o - SEN (i). We have to prove that (Y, s)is o -SFN (i). Let
w, W e (s")C with ww* < o then f 'l(w) , f'l(w*) e ()¢ as f is continuous.
Now f'l( W N w') <@g asw N w<ao = f"(w) N f'l(w*) < a.Since (X, t ) is
o - SFN() , for o € I, then there u, u' et such that u)=1,x e (£'(w) {1},
0@ =1,y e (£'(w)) {1} andunu’ =0. This implies that f(u), f(v) € sas fis open.
Now fu) () = { Swp ue) : {0 =p }. £'@ € (£ de, @ = 1,
p e wl{l} and fu) (@ ={Swp v ) =9a fl@ e (£'w) {1}, ie,
) @=1,q€w {1} and flu) A fw) =f (@A) =0as unu’ =0.
Now it is clear that there are f(u), fu") e s suchthat fwy(P) =1, pe w {1},

fu) (@ =1, qew {1} and f) N fu") =0 . Hence (Y,s") is & - SFN (D).

Similarly, (b) and (c) can be proved.
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Theorem 6.8: Let (X, t )and (Y,s ) be two supra fuzzy topological spaces and
f: X —— Y be continuous , one-one , onto and closed map then,

(a) (Y, s)is a-SFN(i) implies (X, t }is o - SFN(i).

(b) (Y, s )is o - SEN(ii) implies (X, ) is o - SFN(ii).

(c) (Y, s)is o - SFN (iii) implies (X, t') is c - SFN (ii).
Proof: Suppose (Y, s be o - SFN (i). We have to prove that (X, t) is o - SFN(Q).
Let w,w € (1) with w m- w <o, then f(w), fiw) e s® as fis closed aﬁd
f(w)mf(w*)= f(wmw‘)éon,as wNnw <a. Since(Y,s') is o -SFN(D), for o € Iy,
then there exist u,u es suchthat u(x)=1, x € fow) {1, u(y)=1, ye(f(w)) 1y
andunu =0, This implies that £ ), f T e t" as fis continuousand u, u’ € 5",
Now £™'(u) (p) = u (f(p)) =u(x) = 1 as f(p) =x e (fw))" {1}
ie, £l (p)=1,pew'{l}

P (@ =u" J@)=u'm) =lasf@=y & (Fw) {1
e, Y (@=1qew {1}
and £ (w) A £1@) = £ (unu’)=0.
Then we have there exist f ~(w), £l(u") e t' such that f'(w) () = 1, p e W {1y,
Pl @ =1, e w {1} and @) N £-l(u") = 0. Hence (X, t') is & - SFN (i).

Similarly, (b) and (c) can be proved.



CHAPTER 7
Ro and R; Spaces in Supra Fuzzy Topology

7. 1 Introduction
We introduce and study some R, and R properties in supra fuzzy topological
spaces and obtain their several features in this chapter.
Definition 7.2: Let (X, t") be a supra fuzzy topological space and a € I,. Then
@) (X, t) ié an a —Rg (i) space if and only if for all x , y € X with x #y, whenever
there exist u € t" with u (x) =1 and u (y)< &, then there exist v € t* with v (x)<a
and v (y)=1.
(b) (X, t*) is an o —Rg (ii) space if and only if forall x, y € X, X #y, wheneveru € t
withu (x) =0and u(y)>a, then there exists ve t with v (x) >a and v (y) =0.
() X, t') is an a-Ry (iii) space if and only if for all x, y €X with x # y, whenever
there exists u e t with 0 €u(x) <o <u (y) € 1, then there exists v € t' with
0<v(y)<a<v(®=l.
@ (X, t )is an Ro (iv) space ifand only if forall x,y e X with x #y , whenever
there exists u € t" with u (x) <u (y), then there exists v e t with v (x) > v (y) .

The following examples show that @ — Ro (i), a- Ry (ii), & —Ro (iii) and Ro (iv) are all

independent.

Example 7.3: Let X = {x,y}andu ,V e1¥ are defined by u (x) = 1, u (y) = 0 and

v(x)=045 v(y)=1 Consider the supra fuzzy topology t on X generated by {0, u, v, 1,

Constants}_ Then by deﬁnition, for = 0.55 5 ( X, t* ) isa- RO(]') s but ( X > t* ) is not

a Ry (i) .
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Example 7.4: Let X = {x, y} and u, v € I¥ are defined by u (x) = 0, u (y) =1 and
v (x) =0.73, v (y) = 0. Consider the supra fuzzy topology t’ on X generated by {0, v, 1,
Constants}. Then by definition, for a= 0.63 , (X, t")is o —Ro (i), but (X, t ) isnot
o —Rp (1).

Example 7.5: Let X = {x ,y }and u, v € I* are defined by u (x) =1 ,u(y) =0 and
v (x) =032, v (y) = 0.69. Consider the supra fuzzy topology generated by {0, u, v, 1,
Constant}. Then by definition, fora =0.52, (X, t) is o-Ro(iii), but X, t") is not & —Ro (i)
and (X, t) is not a — Ry(ii).

Example 7.6: Let X={x,y}andu, v € X are defined by u(®) =1, u(y)= Oand
v (x) = 0.24 , v (y) = 0.48. Consider the supra fuzzy topology t" on X generated by {0, u,
v, 1, Constants}. Then by definition , for a=0.53, (X, t)is a-Ro(v), but (X, t") is
not a—Ro (@), (X, t) is not & —Rg (ii), and (X, t") is not & — Ry (iid).

Example 7.7: Let X = { X,y , z}and u,Vv,WE ¥ are definedby ux)=1, u({y)=l,
u(z)=0 and v(x)=0,v (=0, ¥ (z) =1 andw(x)=0.92,w(y)=0.52,w(z)=0.
Consider the fuzzy topology ' onX generated by {0,u,v,w, 1, Constants}. Then
for a.= 0.63, it can easily shown that (X,t) is a—Ro(i)and (X, t')is a—Rg(ii). But
we observe ( X, ') is not a Ro (iii), and (X, t) is not Ry (iv), Since
w (%) > alz w (y) but there does not exist q € t* such that q (x) < @ <q (¥).

z}yadu,V € I* are defined by u (x) = 0.83,

Example 7.8: Let X={Xx,Y>

u(y)= 041,u @) =0.36, and v(x) = 036, v(y)=083,v (z) =0.24. Consider the supra

fuzzy topology ¢ on X generated by {0, 1 V; 1, Constants}. Then by definition, for

0 =05, (X,t) is o—Ro(il), put (X,t) is notRo(iv), since u(y) >u(2) but we

haveno q € t* such that q (¥) < q(2) -
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Theorem 7.9: Prove that (X, t') is 0- R, (it) if and only if (X, t') s 0~ Ro ().

Proof: The proof is trivial.

Theorem 7.10: Let (X, t') be a supra fuzzy topological space and

L(t)={u'(0,1] /uet?. Thenthe following is true:

(a) (X,t")is a—Ry (i) space ifand only if (X, I(t))is Ro space.

(b) if (X, t )is o—Rg (i) space, then (X, Io(t))isnot Ry space and conversely.

(©) if (X,t )is o - Ry(ii) space then (X, Iy(t)) is not Ry space and conversely.

@ if (X, t )is Ro(iv),then (X, Ig (t*) ) is not Ry space and conversely.
Proof: Let (X, t') be o — Ry (iii). We have to prove that (X, Ly (t") is Ro. Let x,y € X
with x#y and M € Iu(t*) with xeM,yeM or xeM, ye€ M . Suppose that
xeM,y ¢ M. We can. write, M = u'(a, 1], for some u € t". Then we have u (x) > @,
(y)<a,ie,05u(y)<a<u (x) < 1. Since (X, t ) is 0. —Ro(iii), o € I; ,then there exists
vet suchthat 0<v)<a<v@®<lie, vESov(y ) > o . It follows that
xe vi(a,1], ye vi(a,1]and also vie,11ek (t") . Thus (X, L(t))is Ro.
Conversely, suppose that (X, Ia(t') ) is Ro. We have to prove that (X, t') is & —Ry (iii). Let
x,y e Xwith x#y and ue ¢ with 0<u®<a<u(@)<lie, u® <o, uly)>o,
it follows that x ¢u’ (a,1], ¥E€ u'(a,1], and u'(a,1] € L(t), for every
gt Sinee (X, 5 (t*)) is Ry, then there exists M e Ig (t') suchthat x e M,y ¢ M.
= vl(a,1],where V€ t*, it follows that v (x) > a ,v(¥) < o, ie,

We can write M

0<v(y)<a<v<l. Thus (X t)isa-Ro (), i.e., (a) is proved.

X _ _
Example 7.11: Let X = { X, ¥ . 2 } andy, v el”are defined by u (x) =1, u (y) = 0,

u(z)= 08 and v () =0, v~ 1, v(2)=0.7. Consider the supra fuzzy topology t

on X generated by {0,u,V iy Constants} . Then for 0. = 0.6, we have, (X , £9 1
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a—Ro(@. Now, L(t)={X,®,{x,z},{y.z), {z}}. ]t is observed that (X, t) is
not Ro space,since y,zeX, y#z and {x,z} e I, (' ), with ze {x.,2Z},
y & {x,z},butno'such U e I, (") with xgU,yeU.

Example 7.12: Let X = { x,y,z } and u, v e [¥ are defined by u(x)=0.3,u () =0,
u(z)=0.8, and v (x) =0.8, v (y) = 1, v (z) = 0. Consider the supra fuzzy topology t on X
generated by {0, u, v, 1, Constants}. Then, for o = 0.5, we have, (X, t' ) is o — Ro (ii)
and (X,t") isalso Rg(iv) . Now I (t)={ X, ®, {z}, { v}, {y,z }}. It is observed that
(X, I (t))is notRy space, since x,yeX,x#y and {y}e I, () with x ¢ {y},
y € {y},butnosuch U e It) with x €U,y ¢ U.

Example 7.13: Let X={x,y}and v, v,We I* are defined by u(x)=1L,u) =0,
v (x) =0.4,v (y) =09, w(x)=0.7, w(y) =0.3. Consider the supra fuzzy topology t on .
X generated by { 0, u, v, w, 1, Constants }. Then for o =0.6, we have, (X, t ) is not
a—Ro () and (X ,t )is not a—Ro(ii). Now, () ={X,®, {x}, {y}} Then we see
that 1,(t") is a topology on X and (X,I4(t)) is Ro.

Example 7.14: Let X = {xX, ¥ } andu,v e I¥ are defined by u(x)=04,u(y) =0.,
v (x) =03, and v (y) = 04 Consider the supra fuzzy topology t on X generated by
{0, u, v, 1, Constant}. Then, for =0.6, we have (X, t') is not & — R (iv). Now,

1,(t) = {X, ®}. Then I,(@t) is a topology on X and (X,14t)) is Ro.

Hence the proof is complete.

Theorem 7.15: Let X, T ') be a supra topological space. Then (X, T*) is Rg, if and only

if (X, w(T")) is a—Ro(p), where P~ i,ii, i, iv .

Proof: Let (X, W (T")) be @ —Ro @i). Let X,y € X with x#yandU e T withx € U,

yeg U Butlyew (T*) and ly®=11u (y) = 0. Now, we have 1y € w (T") with
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ly () =1 lu () So. Since (X, w(T") is a Ry (i), there exists v € W (T") such that
v <o, v(y)=1.Then xegv'(a,1], ye vi(a,1]as v < o, vy =1
and also there exists v'(a,1] € T". Thus (X, T is Ro — space.
Conversely, suppose that (X, T)bea R, —space. We have to prove that (X, w (1) is
a—Ro(i). Let X,y € X with x#y and there exists u e w(T) such that u(x)=1,
u@) <o Thenx e u™(o, 1],y ¢ u™ (o, 1] as u (x) =1, u (y) < . Hence ul(e,1]eT.
Since (X, T  )is Ry, then there exists Ve T suchthat x ¢ V,y eV, but 1y e w (TH
and ly(x)=0, ly(y)=1, ie. there exists ly € w(T") such that 1, (x) <a, lv(y) =1
Thus (X, w (T))is o— Re(i).
Hence (X, T")is Rq ifand only if (X, w(T")) is o.—Ro().
In the same way, we can prove that

(a) (X, T is Ry ifand only if (X, w (T)is o— Rfid).

(b) (X, T") is R if and only if (X, W (TH)is a—Rofiii).

() X, T is Ro ifand only if (X, w(T))is Ro(iv)
Thus it is seen that o — Ro (p) is a good extension of its topological counter
part (p =1, i, iii, 1v)-
Theorem 7.16: Let (X, t) be a supra fuzzy topological space and Ac X,
ta={u/A : ue t'}, then

(a) (X, t)isan ¢—Ro ()it and only if (At 4) isan a—Ro().
_Ry (ii) if and only if (A, t'4) isan a—Ro ().

(b) (X, t)isan a

(©) (X, ) is an a—Ro (i) ifand only if (A, ta) isan a—Ron)

() (X, t")isan Ro(iv) if and only if (A, t'a) isan Ro(@v)-
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Proof: Suppose that (X, t') is @ — Ry (i). Then for x,y e A, with x#y and u € t'a such
that u (x) =1, u(y) <o, thenalso x,y e X, x #y. But we can write u = w/A, where
w e t and hence w (x) =1, w (y) < 0. Since (X, t") is & —Ry (i), then there exists m € t
such that m (x) <o, m (y) = 1. But from the definition m/A € t'a, for every m € t" and
m/A (x) <o, n/A (y) =1. Thus (A, t'4) is a—Ry (i) . i.e., (a) proved.
Similarly (b), (c) and (d) can be proved.

Theorem 7.17: Given (Xi , t), i €A be supra fuzzy topological spaces and
X = [I;eaX; and t be a product supra fuzzy topology on X. Then

(@ VieA, Xi,th) is a—Re(i)ifand only if (X,t) is a—~Ro().

(b) VieA, (Xi,t:) is a—Ro(ii) ifand only if (X, t') is a—Ro ().

() VieA, (X; ,ti) is a—Rq(iii) ifand only if (X, t) is a—Ro(ii).

(d) Viea, Xi ,t9) is Ro(iv) ifand onlyif (X, t) is Ro(iv).
Proof: Let (Xi,t 1),i €A be a—Ro (). Wehave to prove that (X, t")is a—Rp (). Let
x,y e X,with x#Y and u et suchthat u(x)=1, u(y) <o .But we have
u (x)=min{ u (xi) :1 eA} and u (y) = min{ ui(yi) :i € A} and hence we can find
an u et ;and xi# i such that ui (x) = 1 and u(y) < @ Since (Xi,t i),i€A is
o- Ro (i) , o € I, then there exist Vi € t';, such that vi(x) =a, vi(y) = 1. But ; (x) = Xi

and 7;(y) =y and hence Vi (mi(x) < 0, Vi (i (y) = 1.1t follows that there exists
1 1

wor; € t such that (vio T () S¢ (viomi) (v) =1. Thus (X, ) is @ —Ro ().

Conversely, suppose that (X, ') is o = Ro (i). We have to prove that (xi, t i), 1€ A, s

o— Rg (i). Let for some ie A a bea fixed element in X, suppose that
— Ry ().

Ai={ K=Tle X / %=8 for some i#] }. So that A is the subset of X, and this
i—1X€E =]1lie A™

’ i of (X, t). Since (X, ') is @ —Ro(i), then
implies that (Ai,t A ;) isalso the subspace of (



Chapter 7
Ro and R, Spaces in Supra Fuzzy Topology b 73

(Ai,t ai)isalso o Ry (i) and A; is a homeomorphic image of X;. Thus (X, t ;) is

a— Ry (i), i.e., (a) is proved.
Similarly, (b), (¢) and (d) can be proved.
Definition 7.18: Let (X, t") be a fuzzy topological space and a € I;. Then

(a) (X, t) is said to be o—R (i) if and only if for all x, y € X with x # y whenever
there exists w e t with w (x) # w (y), then there exist u, v € t" such that
u)=1 =v(y)and unv<ao.

(b) (X, t") is said to be a—R 1(ii) if and only if for all x, y € X with x # y whenever
there exists w € t with w (x) # w (y), then there exist u, v € t such that
u(x)=v(y)=l and unv=o

(c) (X, t*) is said to be o — R y(iii) if and only if forall x, y € X with x # y whenever
there exists w € t with w (x) # w (y) then there exist u,v € t" such that
u(x)>a,v(y)>uandunv=0.

(d) (X, t') is said to be o — R (i) if and only if for all x, y € X with x # y whenever

there exists w €  with w X #w(y) then there exist u, v € t' such that

u (x) >0, v(y)>aandunvso.

Lemma 7.19: The following implication is true:

@) % t)ise-Ri@d) implies @ - R 1(ii) implies 0. - R \(iii) but o - R 1(iv) does not

imply o - R (iii)- S0, not imply a - R1() and o - R (ii).

(b) X t)isa—-R1 (i) does not imply o - R ((iv) and also a - R \(ii) and a - R ((ii)
does not imply o - R 1(iv).

Proof: The proof is trivial.
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Theorem 7.20: Suppose that (X, t') is a supra fuzzy topological space and 0 <a <p <1,
then
(a) (X, thisa—R 1(ii) implies (X, t*) is B - R (ii).
(b) (X, ") is B - R (iii) implies (X, t') is 0. - R (ii).
(©) (X, t)is 0- R (iii) if and only if (X, ') is 0 — R 1(iv).
Proof: (a) Suppose that (X, t') is a o - R | (ii) space. We have to prove that (X, t)isa
B- Ry(ii) space.Letx,y e X,x#yand we t* such that w(x) # w (y). Since (X, t") is
o - R (i) , for some o € I, there exist u, v € t', such that u (x) =1=v(y) and
unv < o.Since 0< a < B < 1. Thus, we have un v < 3. Hence (X, t")isap - R (i)
space.
Similarly, we can prove that.
(X, t*) is B -R 1(iii) space implies X, t") is o - Ry (iii) space.
(X, t") is 0- R (iii) space if and only if (X, t")is 0- R ; (iv) space.
Theorem 7.21: Let (X, t*) be a supra fuzzy topological  space, and
Tot)={u'(a,1) /uet }, then
() (%, ') is an .- Ry (i) implics (G Lo (€) is a R
(b) (X, t') is an o - Ry (iii) implies (X, L (t)isaR
t))isaR1.

(c) (X, t') is an o - R (iv) implies X, Ia

Proof: (c) Suppose that (X, t") is a - Ry (iv) space. We have to prove that (X, I (1) is a

R, space. Let x,y € X, withx # yand M e lo(t) such that x em, y& M or

xgM,yeM SupposethatxeM,y¢M.WecanwriteM=W" (o, 1], where w € t'.

Now we have w (x) > 0, W () S @ je, w(x) # w(y). Since( X,t)is a-R(@v),

‘ ' u@>a,v>o and unv < ot
o € I, then there exist UV c t such that u (x) (y
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. 0| ; .
follows that there exist u™ (o, 1], v (o ,1] ela@) with x € ul (a1,

1
yevi(a,1] asu>a,v(y)>a. and u' (a,1]nv’ (a ,1] =¢,since

unv < o. Thus we have, (X, t)isR .
Similarly, (a) and (b) can be proved.

Theorem 7.22: Suppose that (X, T") be a supra topological space. Consider the following

statements:
(1) (X, T) be a R space.
(2) (X, w (T")) be an a - R 1(i) space.
(3) (X, w (T")) be an a - R y(ii) space.
(4) (X, w (T")) be an a - R (iii) space.
(5) (X, w (T")) be an o - R1(iv) space.
Then
@ 1) =@=03=>0E>
® 1) =@=@=>>:

Proof: First, suppose that X, T*) be a R; space. We have to prove that (X, w (T')) be a

o -R ; (i) space. Letx, ye X with x # yand m € w( T") such that m (x) # m (y) ie.

either m (x) < m (y) or m (x)>m (y) . Suppose that m (x) <m (y). Then it is clear that

m'(mE,NeT asmew(T)and X € m'(m(x),1], ye m' (m(x),1].Since

(X, T)is R space then there exist U, VeT such that xeU,yeV and

U AV =¢.Since 1y 1y are lower semi continuous function from Xinto I, then lu,

ly e w(T),and it is clear that 1y =1 lv=1 and lunlv= 0, ie.,

X, w(T")) is o-Ry (i) space- Hence (X, w (T))isalsoanc R (1) space.

We have already proved (3)=> (5)and (= (5)-
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Finally, we shall prove that (5) => (1).

Suppose that (X, w (T")) is & - R | (iv). We have to prove that (X, T') is R | space. Let
x,y € Xwith x#y and M e T suchthat xe M,y ¢ M or x¢ M,y € M. Suppose
that x € M, y ¢ M. But 1y is lower semi continuous function from X into I , S0
Iy € W(TY and Iy (X)=1, lu(y) =0, ie, ly(x) # lu(y). Since (X, w(T)) is
q Ry(iii), ¢ € ljthen Ju ,ve wT) such that n(x)>a,v () > @ and
unv < o. Now it is observed that u™(a,1] , v7 (o, 1] e T such that
ceul(a,1],yev'(a,1and u (@, 1] nv? (o, 11=¢. Thus X, T) is Ry
space.
The proof is now complete.
Thus it is seen that o - R i(p) is a good extension of its topological counter
part (p=1, ii, iil,). |
Theorem 7.23: Let ( X, t ) bea supra fuzzy topological space, A c X and
ta={wA uet },then

(@ (X,t")is a-R() implies (A,fa)is a-Ri(@

(b) (X,t)is a-Ry(i) implies (At a)is o - Ry (i)

() (%, t)is o - R (iif) implies (A, £ a)is o - Ry ().

(d) (X, t)is a- Ry @v)implies (4, t' a)is o-R1(@v).

Proof: (d) Suppose that X, t)iso-Ri (iv). We have to prove that (A, t a) is a -R1 (iv).

Letx,y € A with x # y then X, Y& X and x # y. Consider me t 4 with m (x) # m (y).

Then m can be written s w/A , where W € ' and hence w () # W (). Since (X, )

*
is a-Ry(v), @ € I, , then there exist u,V € ' such that u(x) >,V (y) > a
» 3
and unv < o. Butwe know WA € t' s ,forevery ue t . Now we observed that
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WA (x) >, VA () >o and WA NVA < o, since un v <o Thus (A, t ) is
04 -R1 (IV) .
Similarly (a), (b) and (c) can be proved.

Theorem 7.24: Given ( X t* i),1e A be supra fuzzy topological spaces and

X= Il X; and t* be the product supra topology on X, then

(A VieA, (X;,t'5) iso-Ry()ifand only if (X,t) is a-R(@).

M) VieA, (Xi,t) isa-Ry(i)ifand only if (X,t") is o-R (i)~

() VieA, (Xi,t;) iso-R i) ifand only if (X,t") is o-R ().

@ VieA, (Xi,t) isa-Ry(iv) ifand only if (X,t) is a-Ry (V).
Proof: Suppose that V i€ A, (X[,t*i ) is o - Ry (iv). We have to prove that (X, t') is
o -R;@v). Letx,yeX ‘with X qﬁly and we t with w (x) # w (y). But we have
w (x) = min { w; (xi) cieA}, w(y) =min{ W (yy) :i € A} .Hence we can find
at least one wj et ; and Xi,Yi e X;,with wi(xi) # wi (yi) . Since (Xi, t*i),ieA
is a R (@v), o€ l,then there exist u; ,vi € t ; such that ui(xi)> c, vi(yi)> o

and y;, Nvi< A _But we have i (X) = Xi andm; (Y)= Vi and hence u; (mi (x))>a,

vi(7 i (y)) > a. It follows that there exist U0 i, Vi O i € t* such that (o 7;) (X) > a,

(viom;)(y)>o and iomi)N (Vi Oni)Sa-ThUS(X,t')iSOC-Rl(iV)-

Conversely, suppose that (X, t')is o - Ry (iid) ‘We have to prove that (Xj , ti),ieA,

is & -Ry(iv). Let for some i€ A a be a fixed clement in Xi, Suppose that

A;=1{x eX =Tlien Xi / X=8 for some 17 ] }. So that A;is a subset of X , and hence

(A;,t ) is also a subspace of (X,t).Since (X,t) isa-Ri(iv), then (Ai, t Al

is also o - R (iii) . Now we have Aiis homomorphic image of X i.Hence (Xi,ti) is

o - R, (iv) ie., (c)is proved .

Similarly, (a), (b) and (c) can be proved.
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